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ABSTRACT
Forty years after the discovery of Hawking radiation, its exact nature remains elusive.
If Hawking radiation does not carry any information out from the ever shrinking black
hole, it seems that unitarity is violated once the black hole completely evaporates. On
the other hand, attempts to recover information via quantum entanglement lead to the
firewall controversy. Amid the confusions, the possibility that black hole evaporation stops
with a “remnant” has remained unpopular and is often dismissed due to some “undesired
properties” of such an object. Nevertheless, as in any scientific debate, the pros and
cons of any proposal must be carefully scrutinized. We fill in the void of the literature
by providing a timely review of various types of black hole remnants, and provide some
new thoughts regarding the challenges that black hole remnants face in the context of
the information loss paradox and its latest incarnation, namely the firewall controversy.
The importance of understanding the role of curvature singularity is also emphasized,
after all there remains a possibility that the singularity cannot be cured even by quantum
gravity. In this context a black hole remnant conveniently serves as a cosmic censor. We
conclude that a remnant remains a possible end state of Hawking evaporation, and if it
contains large interior geometry, may help to ameliorate the information loss paradox and
the firewall controversy. We hope that this will raise some interests in the community to
investigate remnants more critically but also more thoroughly.
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1 Information Loss and Firewall vs. Black Hole Remnant
It has been forty years since the discovery of Hawking radiation [1, 2], but we are still
unsure of its exact nature — does the radiation come from a purely thermal state or
does the spectrum only look thermal with the highly scrambled information encoded in
the radiation via subtle quantum entanglement? [See e.g., the recent discussion in [3] for
an attempt to clarify the precise meaning of “thermality”.] The first scenario leads to
the loss of unitarity, in the sense that if one starts from a pure state collapsing to form
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Figure 1: The information loss paradox at a glance. In this paper we are concerned with the feasibility of a black hole
remnant as a possible solution to the information loss paradox. The remnant proposal is of course not without problems,
see the second flowchart in Fig.(3).
a black hole, the end result of the evolution [after the black hole completely evaporates
away] would be a mixed state [see, however, [4]].
This apparent loss of unitary at the end of black hole evaporation has been dubbed
the information loss paradox [5]. A great deal of effort has been spent in devising possible
scenarios to preserve unitarity in the context of black hole evaporation [see Fig.(1) for a
flowchart]. However, central to this debate is a crucial question that needs to be answered:
what does it mean to resolve the information loss paradox? First of all, the paradox is only
a paradox if information loss is indeed a problem. Indeed there are people – especially
the relativists – who remain unconvinced that this is a problem [6, 7]. Recently, it has
also been found that even string theory admits non-unitary holography [8]. Banks, Peskin
and Susskind had argued in their classic work [9] that generically a non-unitary evolution
would lead to violations of either causality or energy conservation. Of course in general
relativity [GR] one usually does not worry about energy conservation since energy is in
fact not conserved unless there is a timelike Killing vector field. However here the concern
is that even locally at the laboratory scale there would be drastic effect arising from the
non-unitary evolution, leading to the temperature of the vacuum being 1032 K. This
concern was, however, countered by Unruh and Wald [10], asserting that such a violation
would be negligibly small if the evolution is not assumed to be a Markov process. [See
also the more recent work by Nikolic [11].]
It is perhaps fair to say that most workers in the field are not comfortable with infor-
mation being truly lost in black holes, and are therefore more receptive to the idea that
Hawking radiation would somehow encode information. The leading proposal of Susskind,
Thorlacius and Uglum [12], known as the “black hole complementarity principle”, asserts
that as long as the infalling observer Alice [who carries some information into the black
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hole] cannot compare notes with the exterior observer Bob [who saw Alice burned up
at the horizon due to the high energy particles emitted by the Hawking process], there
is no true paradox. So while Alice carries her information into the black hole interior,
this information can still be recovered by Bob, by reading the information encoded in the
Hawking radiation.
However, recently AMPS [short for Almheiri-Marolf-Polchinski-Sully] [13, 14] argued
that the effort to get information out via purifying the early Hawking radiation by max-
imally entangling it with the late Hawking radiation would result in a “firewall” [see
also [15]] that would burn up anyone who attempts to cross the horizon of the black hole.
Essentially, the argument goes as follows: the requirement that the late time Hawking
radiation must purify the earlier radiation means that they must be maximally entangled;
and this breaks the entanglement between the late time Hawking radiation and the inte-
rior of the black hole. Recall that the Hamiltonian for a quantum field ϕ contains terms
like (∂xϕ)
2, where x denotes a spatial direction. Therefore, if the field configuration is
not smooth over the horizon [since fields outside and inside are not correlated, there is
no guarantee of continuity], this implies the presence of highly energetic particles in the
neighborhood of the horizon — the firewall. [For a detailed pedagogical introduction to
the information paradox and quantum information, see [16].]
The firewall arises when the black hole already lost about half of its entropy [17, 18],
which means that the black hole can still be quite large when the firewall descends onto its
horizon. This is in stark contradiction with the expectation from general relativity that
one should not expect anything out of the ordinary at the horizon when the curvature is
negligibly small [for a sufficiently large black hole]. Thus it would seem that if firewall
exists, our understanding of quantum gravity has led us to a theory that does not reduce
back to general relativity [and QFT on curved background] at the energy scale that it
should be valid. This is somewhat unpalatable and thus the debate ensues.
One of the reasons why black hole evaporation is a difficult problem especially when in-
formation loss is concerned, is that the temperature of an asymptotically flat Schwarzschild
black hole – which has negative specific heat – becomes unbounded as its mass monotoni-
cally decreases toward zero. This is sometimes taken to mean that new physics may come
in at some sufficiently high temperature and our semi-classical effective field theory ceases
to be valid. However, it has been argued that the use of the macrocanonical treatment
of black hole evaporation breaks down when the typical energy of the particles emitted
[i.e. the temperature] becomes comparable to the energy of the object left behind. In this
case the microcanonical ensemble should be used, which removes the unphysical diver-
gence in the temperature [19–22]. Nevertheless, problems remain since the curvature [the
Kretschmann scalar RαβγδRαβγδ] at the horizon becomes larger and larger as the black
hole shrinks. This is related to the curvature blow-up of the singularity, which should, as
is often argued, be resolved by a quantum theory of gravity. This opens up other possible
ways to realize an eventual finite Hawking temperature. For example, the fate of the
black hole may not be complete evaporation but a “remnant” [23], the idea which at least
dates back to the work of Aharonov, Casher, and Nussinov in 1987 [24].
The common assumptions regarding black hole physics, which are embodied in the
complementarity principle [25], are:
(1) Unitarity is preserved: Information is recovered by the exterior observers after a
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black hole evaporates away.
(2) “No Drama”: An infalling observer does not feel anything out of the ordinary when
crossing the horizon, as demanded by general relativity.
(3) Standard Quantum Field Theory: Local effective field theory is valid near the hori-
zon, as well as at asymptotic infinity. [That is, in particular, Hawking’s derivation
of Hawking temperature is correct.]
(4) The statistical entropy of a black hole is the same as its Bekenstein-Hawking entropy.
[That is, the horizon area is a measure of the underlying quantum gravitational
degrees of freedom of the black hole. We will briefly review the different notions of
entropy in A.]
(5) The existence of an observer who can collect and read the information contained in
the Hawking radiation.
What AMPS argued was that these assumptions cannot all be true. Prior to the AMPS
argument, it has also been pointed out that if one introduced a large number of scalar
fields, then under the so-called large N rescaling, complementarity principle can be vi-
olated [26, 27], although this can be avoided if we take into account the generalized un-
certainty principle [28]. AMPS suggested that the “most conservative” solution would be
to abandon Assumption (2), and introduced the notion of a firewall. However, there are
other possibilities. As we shall see, the argument that black hole remnants may solve the
information paradox would depend on dropping Assumption (4). Indeed, Aharonov et
al. [24] wrote:
“If the residual mini black hole disappears completely by decaying into ordinary
particles we will be deprived of the large reservoir of states in the black hole
which is required for the construction of the overall wave function.”
By “overall wave function” they meant the wave function that maintains unitarity by
correlating the states in the black hole interior to the states of the Hawking radiation
outside: ∣∣ψtotal〉 = ∑
n
Cn
∣∣ψradiationn 〉⊗ ∣∣φinteriorn 〉 . (1)
A remnant thus seems to contain a large amount of quantum states, far beyond their
storage capability suggested by the Bekenstein-Hawking entropy, which is proportional to
its small surface area.
The idea that a remnant can store information, or that information has simply gone
elsewhere, e.g. into another universe, is not a very popular one. The usual notion of
“resolving” the information loss paradox is that an exterior observer should be able to
recover all the information that falls into a black hole. This perhaps is partially due to the
common acceptance of the AdS/CFT correspondence. However, we feel that not enough
attention has been paid to examine the prospects and challenges faced by the remnant
scenario as a solution to the information loss paradox. This would therefore be the central
theme of this work.
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Let us start with discussing what a remnant actually is. The term “remnant” has
been used rather loosely without a clear-cut definition, which is understandable and – to
some extent – justified, since we know next to nothing about what physics looks like at
that energy scale. In this paper we would take a rather broad definition for a remnant:
Definition: A remnant is a localized late stage of a black hole under Hawking
evaporation, which is either (i) absolutely stable, or (ii) long-lived.
By long-lived, or meta-stable remnant, we mean the lifetime of the remnant is longer
than the lifetime of a black hole in the remnant-less case. For example, consider an
asymptotically flat Schwarzschild black hole. The time scale for a complete evaporation
is of the order M3, where M is the initial mass of the hole. If the black hole becomes a
long-lived remnant, its lifetime is of the order Mn, where n > 4.
Here, “localized” means that the remnant is confined to a small region [at least as
seen from the outside], this excludes Hawking radiation itself from being included in the
definition. Long-lived remnants are configurations that slowly emit particles through
other non-Hawking emission channels and slowly lose their mass, although their life times
are so long that for all practical purposes they can be treated as “stable”. Note that it is
possible that even an “absolutely stable” state can only be reached asymptotically. That
is to say, starting with a black hole of mass M , it can eventually radiate down to some
mass m < M [in many cases the remnant mass would be much less than the original black
hole mass; and by mass here we mean the ADM mass in asymptotically flat geometry,
and its analog in the case of other geometries, suitably defined] and then either ceases
to radiate completely, or it can radiate at increasingly slower rate, never really reaching
its “end state”, though can come arbitrarily close to it. The second possibility is similar
to a charged black hole that obeys the third law of black hole mechanics, never reaching
its extremal state. Indeed, as we shall see in this review, many [though not all] remnant
scenarios turn out to be some kind of extremal black holes. Fig.(2) shows the Penrose
diagram of a remnant, with the assumption that the remnant is completely stable and
has an infinite lifetime [see more discussion in subsec.(3.1)].
Note that a remnant may or may not have a well-defined horizon. In fact, it is not
obvious how much geometrical notions such as area and volume still make sense at the
Planck scale. Even its size is a matter of debate – some remnants are Planck size or
the size of an elementary particle [at least as seen from the exterior], e.g., “maximon”,
“friedmon”, and “planckon” [24,29–33], while some “remnants” can be astrophysical [34],
which we will not discuss much in this review [the proposal by Ellis in [34] is that Hawking
radiation and the cosmic microwave background photons would interact in such a way
that most Hawking particles end up inside the horizon and never escape from the black
hole]. Indeed there are many other types of black hole remnants arising from either
modifications to the uncertainty principle or modified theories of gravity, and almost
all of them had been proposed as a possible solution to the information loss paradox,
with the information either locked inside the remnant indefinitely [the “stable remnant”
scenario], or the information slowly leaking out after the remnant stage is reached [the
“long-lived/meta-stable remnant” scenario]. Nevertheless, there are various problems
with these proposals, and a black hole remnant is often dismissed as a viable alternative
solution to the information loss paradox. However, remnant scenarios deserve a closer
scrutiny, especially amid the current confusion regarding firewalls.
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Figure 2: (Color online) Penrose diagram for the black hole remnant, assuming that the lifetime of the remnant is infinite.
The solid curve outside the boundary of the “Planckian region” [where quantum gravity becomes important] denotes the
apparent horizon. Outgoing arrows represent the Hawking radiation, while ingoing arrows denote the in-falling matter. Here
h1 and h2 are two Cauchy hypersurfaces. Note that in classical GR, if the matter field satisfies the null energy condition
[NEC], then an apparent horizon is always inside the event horizon. This is no longer true if NEC is violated, e.g., in the
presence of Hawking radiation, or in modified theories of gravity. See [36] for further discussions.
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In this review, we will start with a broad and brief overview of the various remnant
scenarios arisen from both modified quantum mechanics and modified gravity, as well as
their roles in resolving the information loss paradox. To be more specific, we will present
a review on the reasons against remnants, as well as the counter-arguments against these
objections. In addition, a remnant has the virtue that it shrouds the curvature singularity
of the black hole, in agreement with the cosmic censorship conjecture [35]. One usually
expects that the singularity is resolved in a complete theory of quantum gravity. However,
it is uncertain whether this notion will indeed happen. The role of the singularity is
important since information can presumably hit the singularity and be lost [6, 7, 34]; or
if the singularity is replaced by something else in the full theory of quantum gravity,
be transferred to there. It thus seems somewhat perplexing that much effort was spent
looking at the event horizon while information loss requires also the full understanding
of the interior of the black hole1, including but not limited to its singularity [42]. The
true meaning of unitarity in quantum mechanics, after all, should include all spacetime
regions, including the interior of a black hole. We would therefore re-emphasize this
crucial point in our review, and examine the possibility that the interior of a black hole
consists of non-trivial geometry, such as Wheeler’s “bag-of-gold” spacetime [43], which in
turn may lead to the possibility that remnants are only point-like from the outside, but
should nevertheless not be treated as a point particle.
The purpose of this review paper is to give an overview of the issue from the viewpoint
of the information loss paradox and the firewall controversy, and its connection with
the notion of black hole remnants. This is roughly summarized in Fig.(3) below. It is
nevertheless more than just a review, as we also give a preliminary but new analysis of
the issue, with the conclusion that remnants might well be a possible end state for black
holes undergoing Hawking evaporation. This can indeed ameliorate the information loss
paradox and the firewall problem, provided it contains non-trivial interior geometries, in
which case the Bekenstein-Hawking entropy cannot be the true measure of the information
contained in a black hole. We hope that this will revive some interests in the community
to investigate remnants not only more critically but also more thoroughly.
2 The Various Roads to the Remnant Scenario
Let us start by briefly reviewing the different models that lead to black hole remnants.
With a large amount of literature now available, we do not claim to be exhaustive in
our coverage, however we shall attempt to present the big picture that many different
approaches to quantum gravity phenomenology have hinted at the existence of remnants,
though not necessarily of the same type. These approaches include the following: the
generalized uncertainty principle [of various types], regular black holes, quantum grav-
itational effects [e.g. loop quantum gravity and non-commutative geometry], modified
theories of gravity, as well as modifications of semi-classical gravity [either by modifying
the geometry or the matter sector].
1String theoretic approaches, a` la Papadodimas-Raju [37–40], of probing the interior of black holes
may eventually offer some clues. Another recent work that concerns black hole interior in quantum
gravity could also be of interest [41].
8
challenges for
black hole remnants
infinite production? CPT violation?
evolving into
a remnant?
effective field theory
not appliciable
YSec 3U1N
weak interpretation:
BekensteinGHawking entropy
not accounted for the
entire informationU
remnant emits
information?
inconsistency
YSec 3U3N
bagGofGgold geometry
YSec 3U4N
bubble2baby universe
YSec 3U5N
large internal volume
YSec 3U4N
is it generic? sufficient entropy?
Yes
No
tension with AdS2CFT
or holography
possible realization
radical modification?
YGUP or firewallN
CPT consistent with
2nd law of thermodynamics
YSec 3U2N
to be established
YSec 2U7N
Figure 3: This flowchart shows the challenges faced by the black hole remnant proposal, and the respective sections in this
paper in which the issues are discussed.
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2.1 Generalized Uncertainty Principle: Quantum Physics at the Planck
Scale
The main idea of a black hole remnant is that as a black hole gets smaller and smaller
when it gradually Hawking evaporates away, eventually at some minimal length – possibly
near the Planck length Lp :=
√
G~/c3 – new physics beyond the effective field theory used
in the low energy regime kicks in, and stops the black hole from evaporating any further.
One such proposal is to consider a modification to the Heisenberg uncertainty principle.
Such modification can be obtained by quite general considerations of quantum mechanics
and gravity [44–47], but string theory also supports this scenario [48–52].
The generalized uncertainty principle [GUP] is given by
∆x∆p > 1
2
(
~+ αL2P
(∆p)2
~
)
, (2)
where α is a dimensionless parameter of order unity2. Note that the α → 0 limit simply
recovers the ordinary uncertainty principle. GUP implies the following inequality:
M2P
α
∆x
(
1−
√
1− α
M2P∆x
2
)
6 ∆p 6 M
2
P
α
∆x
(
1 +
√
1− α
M2P∆x
2
)
, (3)
from which we note that the square-root sign imposes ∆x > ∆xmin, where
∆xmin :=
√
α
MP
. (4)
That is to say, GUP incorporates the idea that there is a “minimal length”.
By considering GUP instead of the conventional Heisenberg’s uncertainty principle, it
was suggested in [23] that the modified Hawking temperature should take the following
form:
TGUP =
M
4pi
(
1−
√
1− M
2
p
M2
)
. (5)
From Eq.(5) onward, we will use the units in which c = ~ = kB = α = G = 1 [although
sometimes it would be useful to restore them].
The entropy of the black hole can be derived by integrating the first law of black hole
mechanics dS = TdM [which does not require any energy condition; see the discussion
in [55]]. The result, upon normalizing so that the Bekenstein-Hawking entropy is zero
when the black hole reaches the Planck mass, is [23]:
SGUP = 2pi
[
M2
M2P
(
1− M
2
P
M2
+
√
1− MP
M2
)
− log
(
M +
√
M2 −M2P
MP
)]
. (6)
The evolution of the Hawking temperature and the Bekenstein-Hawking entropy is
illustrated schematically in Fig.(4). We note that the derivative dM/dT is of course
the definition of the specific heat. Therefore we observe that a Schwarzschild black hole
still has negative specific heat even under GUP modification. However dT/dM → −∞
2This parameter can be constrained via observations and experiments. See for example, [53, 54].
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as M → Mp, so that when the mass of the hole reduces to Planck mass, the specific
heat becomes zero3. Note that this GUP remnant has nonzero finite temperature, this is
different from many remnants that are extremal black holes [and thus are zero temperature
objects]. Of course, not all GUP models yield remnants of the same thermodynamical
behavior.
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Figure 4: Left: (Color online) A schematic sketch of the temperature of a Schwarzschild black hole as a function of its
mass. In the conventional picture [bottom curve], the temperature is unbounded above and becomes arbitrarily hot as
the black hole gets arbitrarily small [Keeping in mind, however, our discussion on page 5 about the difference between
the microcanonical and canonical treatments of the thermodynamics.]. Generalized uncertainty principle suggests that
the evaporation stops when the black hole reaches the Planck mass, MP [top curve]. Right: A schematic sketch of the
Bekenstein-Hawking entropy of a Schwarzschild black hole as a function of its mass. In the conventional picture [top curve],
the entropy steadily decreases to zero as the black hole completely evaporates away. In the GUP picture [bottom curve],
the entropy can be normalized to zero as the black hole reached the Planck mass.
Note that with the logarithmic correction term [see also [57]], the Bekenstein-Hawking
entropy is no longer strictly equal to a quarter of the horizon area. This is one of the first
hints that entropy content in a black hole could be different from its area measure. We will
discuss more about this later. At the Planck scale, it is no longer clear that the concept
of a horizon, or even the metric itself still makes sense4. Over the years, progresses have
been made in both understanding GUP as well as applying GUP to various black holes
[which consistently yield remnant pictures] [59–71]. Note that, the form of GUP could
vary depending on the models considered, and as such the black holes of various GUP
models could have different thermodynamical properties. For example, a correction term
of the form
√
A to the Bekenstein-Hawking entropy Sbh = A/4 can be obtained [68] by
assuming that GUP has a linear term in the momentum, i.e., with some parameter A,
∆x∆p > 1
2
(
~+ALP∆p+ αL2P
(∆p)2
~
)
. (7)
In yet some other models, it is possible to obtain the change of sign in the specific heat
of the black hole in addition to a minimum mass, and so a phase transition could occur
that may render black hole “remnants” unstable [72].
In addition to the generalized uncertainty principle, which suggests that Hawking
evaporation stops at some minimal length scale ∆xmin =
√
α/MP, the notion of black
hole remnants are also supported by various approaches to quantum gravity with a similar
notion of minimal length. [For a review on minimal length in quantum gravity, see [73];
3The notion of a fundamental length or discreteness does not necessarily lead to remnants. For
example, in the approach using crystal-like lattice [56], in the final state of the evaporation, the black
hole reduces to zero rest mass – there is no remnant.
4Such a metric is constructed recently in [58], by mimicking the effects of the GUP via a short scale
modified version of general relativity.
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and for the implications of a minimal length to black hole physics in particular, see [74].
In addition, a review on GUP is also available [75].] It has however been pointed out
in [76] that the existence of a minimal length is not necessary for the occurrence of a
black hole remnant.
There have been some proposals that by taking GUP into account, the Hawking
radiation is modified to be non-thermal and therefore one may resolve the information
loss paradox. For such an approach, see e.g., [77, 78].
2.2 Singularity, Regular Black Hole, and the Remnant Connection
Traditionally, the information loss paradox is related to the existence of the singularity
and the event horizon. If a piece of information falls into a Schwarszchild black hole,
it will eventually crash into the singularity, which is spacelike5. This is a problem since
the singularity is not “predictable” in classical general relativity, i.e. the theory breaks
down at the singularity and there is no “natural” boundary conditions that one could
impose for the field equations there. In this sense, information loss is trivial since the
spacetime manifold is incomplete and after the evaporation we lose the Cauchy data that
were initially in the black hole. In Fig.(5), h1 denotes an initial Cauchy surface, a part of
which is inside the black hole horizon. The information on this portion eventually crashes
into the singularity, and is no longer present on h2, a Cauchy surface at a later time after
the black hole has completely evaporated away.
On the other hand, if we can resolve the singularity, then even after the evaporation, we
can retain a complete Cauchy surface so that the causal past and future of the spacetime
remains fully determined. If this is indeed the case, then there is no room for information
loss in this complete spacetime.
Naively, one could obtain a complete spacetime by “resolving the singularity” [what-
ever that means]. After resolving the singularity, if one can still write down a classical
metric [this is a very non-trivial assumption], then this metric is called a regular black
hole. The first known model is the so-called Bardeen black hole [79]:
ds2 = −F (r)dt2 + 1
F (r)
dr2 + r2dΩ2, (8)
where
F (r) = 1− 2Mr
2
(r2 + a2)3/2
, (9)
in which a is a constant. Note that F (r) ≈ 1 − 2M/r for the large r limit and hence
asymptotically the geometry appears the same as the Schwarzschild solution. The equa-
tion F (r) = 0 has two real solutions and this implies that this black hole has two horizons
– one outer and one inner horizon. Near the r = 0 region, the nonzeroness of a prevents
5A realistic black hole will not be completely neutral and static. One might then suspect that the
singularity will become timelike. In that case information will not necessarily hit the singularity. However,
such black holes also come with an inner Cauchy horizon, beyond which we lose predictability. Therefore
the scenario is analogous to that of a singularity. Of course the inner horizon is not expected to be stable,
and thus realistic singularities may still be generically spacelike, but this raises the question: what is the
metric of a realistic black hole?
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h1
h2
Figure 5: (Color online) The usual causal structure of an evaporating Schwarzschild black hole. The solid curve denotes
the apparent horizon. Outgoing arrows denote the Hawking radiation, while ingoing arrows denote the in-falling matter.
Here, h1 and h2 are two Cauchy hypersurfaces. Double line denotes the singularity.
the geometry from forming a singularity. Hence, r = 0 becomes a regular and time-like
center. These three properties, that the geometry (1) asymptotically approaches a known
solution, (2) possesses two apparent horizons, and (3) has a regular and non-space-like
center, are quite common properties among the various regular black hole models.
By the virtue of property (2), as the black hole evaporates, it is often argued that the
two horizons will approach each other and eventually the black hole tends to a zero tem-
perature6. Therefore, in many regular black hole models, the lifetime is much longer than
that for semi-classical black holes, perhaps even infinite. [Similar – but not entirely the
same – behavior also appears in the evolution of charged black holes in general relativity,
see subsec.2.7.]
Note that as long as we rely on general relativity, we are subject to the singular-
ity theorems. According to the Penrose singularity theorem [80] [see also [81], and the
generalized theorem of Galloway-Senovilla [82]], if we assume the existence of a [future]
trapped surface, the global hyperbolicity condition, and the null energy condition, then
the singularity is unavoidable7. More precisely,
Singularity Theorem [Penrose (1965)]: Suppose (M, gab) is a connected
globally hyperbolic spacetime such that
(i) there is a future trapped surface Σ ⊂M ,
(ii) the Ricci curvature satisfies Ric(X,X) > 0 for all null vectors X, and
(iii) there exist a non-compact Cauchy surface S ⊂M ,
6There are subtleties involved in this argument, which we will further discuss in subsec.2.7.
7It is important, however, to take note that the singularity here refers to geodesic incompleteness, it
does not necessarily mean that scalar quantities constructed from the curvature tensor diverge.
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then there exists an inextendible null geodesic that has finite affine length.
Note that condition (ii), i.e., the so-called null Ricci condition, is precisely – via the
Einstein field equations – equivalent to the null energy condition. However, it is really a
geometric condition, and is thus actually applicable to more general geometric theories
than GR.
Of course, a [quasi-local] black hole by definition should have a trapped surface or
an apparent horizon. Therefore, the existence of a regular black hole means one of the
following:
(A) Violation of the global hyperbolicity assumption: static limits of Bardeen black hole
[79], Frolov-Markov-Mukhanov model [see Fig.(7)] [83], Hayward model [84] [see
Fig.(6)] and its extension to the rotating case [85], charged black holes with non-
linear electrodynamics [86], etc.
(B) Violation of the null energy condition: phantom black holes [87], or some of the dy-
namical regular black holes [e.g., in the Vaidya approximation or numerical realiza-
tion] [84].
(C) Modifications of Einstein field equations: loop quantum black hole models [88], non-
commutative regular black hole models [89], etc.
Take the case of the Bardeen black hole as an example, it corresponds to scenario
(A) since it has an inner Cauchy horizon. However, for dynamical cases that include the
formation and evaporation processes, the assumption of global hyperbolicity should be
imposed at the beginning [so that we know how to evolve the system]; then the available
option within general relativity would be (B), which is achieved via Hawking radiation.
In such a case, one has to solve all the dynamical processes [such as the generation
and disappearance of the outer and inner apparent horizons due to Hawking radiation,
which is of course a monumental task. Such a check was carried out numerically in [90]].
Nevertheless, it should be pointed out that one needs the Hawking effect to be strong
enough to avoid the formation of singularities. It is not clear how generic – or how physical
– such a singularity avoidance mechanism can be. See, for example, the discussion in [91].
We also remark that, in a large class of spacetimes that satisfy the weak energy condition,
the existence of a regular black hole requires the change of the topology [92].
We remark that in the Frolov-Markov-Mukhanov model, the Schwarzschild geometry
inside the black hole is attached to a de Sitter one at some spacelike junction surface,
which, the authors argued, may represent a short transition layer. In order to describe
this layer, they employed Israel’s thin shell method [93]. However, once a Cauchy horizon
is formed, the location of the thin shell becomes unclear, among other problems. We
therefore introduce a Cauchy horizon as a cut-off in the left diagram of Fig.(7).
If the Hawking radiation does not contain information until the very late stage of the
evaporation, then even though the spacetime is complete, the final object should contain
all the information that has previously fallen into the black hole. This means that after
a black hole reduces to a very small size [perhaps of the order of the Planck scale], the
particles emitted from the Hawking radiation should have sufficient entropy despite the
fact that the energy content should be very small [at the order of the Planck energy]. In
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Figure 6: (Color online) An example of a regular black hole: the Hayward model [84]. The solid curve denotes the apparent
horizon. The critical mass is collapsed between v1 6 v 6 v2; after v2, both the outer and inner apparent horizons are formed
and the “false vacuum lump” is trapped by the horizons. The dashed curve denotes the boundary of the false vacuum lump
between the horizons. Note that before v2, the boundary should be time-like, although this is not depicted. Here v3 is the
time when the black hole stops to collapse and begins to evaporate; and v4 is the time when the evaporation ends.
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Figure 7: (Color online) Another example of a regular black hole: the Frolov-Markov-Mukhanov model. The critical mass
is collapsed between v1 6 v 6 v2; after v2, both the outer and inner apparent horizons are formed [represented by solid
curves] and the “false vacuum lump” is trapped by the horizons. The dashed curve denotes the boundary of the false
vacuum lump between the horizons. Note that before v2, the boundary should be time-like, although this is not depicted.
Here v3 is the time when the black hole stops to collapse and begins to evaporate. Left: If the shape of the black hole is
maintained, then it will tend toward an extremal black hole, which would serve as a remnant. Nevertheless we cut off the
diagram with a Cauchy horizon instead. Right: If the black hole is unstable, then the shell eventually [after v4] forms a
spacelike singularity [see [26]] and there is no remnant. The black hole completely evaporates at some later time v5. This
is numerically investigated in [90].
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other words, since energy is required to carry the information, in order to emit a unit of
information one now needs a long time. This would imply that the lifetime of the final
object should be extended longer and longer as the hole becomes smaller and smaller.
This seems to suggest that the final object does not really completely evaporate away.
This property is naturally connected to the remnant picture, and we will discuss the
challenges faced by such long-lived meta-stable remnant later in sec.3. Here we would like
to focus our discussion on another problem – the singularity.
It is actually not an easy task to simply “replace the singularity” of the black hole by
“something non-singular”. We first recall that in GR, the singularity of a Schwarzschild
black hole lies in the future, that is, r = 0 is in no sense of the word a “central singularity”.
This means that the singularity should not be interpreted as a gravitational source, like
how one could interpret the “singularity” of the 1/r potential in Newtonian gravity [see
[94] for more details about these under-appreciated subtleties in GR]. Therefore in order to
resolve the singularity by an ad hoc replacement of it with some kind of matter source, we
have to assume a special kind of matter that modifies the “would-be” space-like singularity
region. To remove the singularity, this “new” matter should be located within the space-
like region. However, if the matter distribution is space-like, then it is very difficult to
imagine that this matter distribution is stationary [though there is a discussion on the
stability of space-like shells [95]]. [Note that the fact that regular black holes have two
horizons does not quite help – the regions between the horizons still have timelike r, and
this presents the same problem for interpreting the matter configuration as the “source
of gravitation”.] Of course it is not out of possibility that this can be realized very non-
trivially by some field combinations. For example, non-linear electrodynamics models [86]
may give an explicit field combination. [The situation is actually more natural if one starts
from gravitational collapse and somehow prevents the formation of singularity, rather than
resolves an existing one; see the sub-subsec.2.3.2.]
The question regarding whether a curvature singularity can be smeared and cured by
quantum gravity is a valid one, although it is almost always taken as granted that it will
be. Needless to say, lacking a fully working theory of quantum gravity we do not actually
know this for certain8. On page 5 of [7], Hawking’s point of view is that if the singularity is
indeed smeared out by quantum correction, things would be rather “boring” since gravity
would then be “just like any other field”, whereas gravity should be distinctively different
since it is not just a player on a spacetime background, it is both a player and the evolving
stage9.
Indeed, given that GR is a geometric theory of gravity, one should pay more attention
to the importance of geometry. As a side remark and on a similar note, it has often been
8“Whether quantization of gravity will actually save spacetime from such singularities one cannot know
until the ‘fiery marriage of general relativity with quantum physics has been consummated’.” [96]
9“Field? – We have no field in the sense in which one has a Maxwell field. Whenever I have used the
term ‘field’ [in the context of the metric] I have done so as a matter of mere verbal convenience. [...] The
classical fields – the electrostatic field, for example – in the first instance had, so to speak, a subjunctive
existence. Let P be a particle satisfying all the criteria of being free except in as far as it carries an
electric charge. Then if P were placed at some point it would be subject to a force depending on the value
of the field intensity there. In particular, when the latter is zero there is no force. [...] the ‘true’ fields
subjunctively quantify the extent to which a given particle P is not free, granted that P would be free if
any charges it may carry were neutralized [...] this field [the metric], unlike the ‘true’ fields, cannot be
absent, cannot be zero.” – H. A. Buchdahl [97].
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claimed that geometric quantities like torsion can be treated just like any other field, and
thus there is no need to go beyond the Levi-Civita connection in a theory of gravity. Such
a proposition, while not entirely wrong, can be misleading. In fact, from the point of view
of well-posedness of the evolution equations, it is far simpler to work with torsion as what
it truly is – a geometric quantity [98].
In [99], Hawking has argued that:
“The view has been expressed that singularities are so objectionable that if the
Einstein equations were to predict their occurrence, this would be a compulsive
reason for modifying them. However, the real test of a physical theory is not
whether its predicted results are aesthetically attractive but whether they agree
with observation. So far there are no observations which would show that
singularities do not occur.”
We shall also make a side remark regarding “thunderbolt”, which is not as well known
as naked singularity, but remains an intriguing possibility: a thunderbolt [coined by
Hawking [100], but first described by Penrose [101]] is a “wave of singularity”, much like
an asymmetric PP-wave that propagates out from the collapse region. A thunderbolt
would destroy the universe as it goes. As described by Penrose [102],
On this picture, the entire space-time could remain globally hyperbolic since
everything beyond the domain of dependence of some initial hypersurface is
cut off (destroyed) by the singular wave. An observer, whether at infinity or
in some finite location in the space-time, is destroyed just at the moment that
the singularity would have become visible so that observer cannot actually see
the singularity.
Singularity may actually be “useful”. Unlike the event horizon where according to GR,
there should not be anything out of the ordinary, the singularity is where GR breaks down
and one could imagine that new physics could appear. Indeed one proposal by Maldacena
and Horowitz is to impose future boundary condition at the singularity, which allows
quantum information to “teleport” to the black hole exterior [103] [post-selected quantum
teleportation]. In other words, the singularity acts as a measurement device such that one
always gets a particular outcome, a “final state projection”. Such proposal of course has
been criticized, and those criticisms in turn, countered. For related literature see e.g. [104–
108]. However, in our present work we only wanted to emphasize that one should pay more
attention to the role of the singularities, and whether they are truly removed in a quantum
theory of gravity. Indeed from the view point of string theory, not all singularities are bad,
and there can be physically allowable naked singularities in AdS/CFT correspondence
[109]. See also [110] for an attempt to understand [quantum and stringy] physics in the
vicinity of the black hole singularity, via AdS/CFT correspondence.
Even if one does successfully resolve the singularity, the solution in general still pos-
sesses an inner Cauchy horizon, and as mentioned before, it is well-known that the inner
horizon has strong instability, the so-called “mass inflation” due to an extreme blue shift
of the incoming radiation [111]. To resolve the mass inflation singularity, we have to
introduce more assumptions [e.g., including higher curvature terms [112]], and this makes
the model less natural.
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Finally, we remark that there might be a connection between regular black holes and
the generalized uncertainty principle [113]. For a more detailed review on regular black
holes, the readers are referred to [114].
2.3 Quantum Gravitational Effects
To resolve the singularity problem we – at the very least – need quantum gravitational
treatments [although, as previously discussed, there is the possibility that even quantum
gravity cannot get rid of singularities]. Quantum gravity theories do provide some models
that induce regular black holes as well as infinite life time objects. In the previous sections,
we have only discussed models in the effective field theory of some underlying quantum
gravity theories. In this section, we specifically focus on some quantum gravity inspired
models: loop quantum black holes and non-commutative black holes. The string theory
approach will be reviewed separately in subsect.2.4.
2.3.1 Loop Quantum Black Holes
To cure the singularity, both canonical quantization and loop quantum gravity [LQG] have
to solve the Hamiltonian constraint or the Wheeler-DeWitt equation by using a certain
choice of variables [e.g., Ashtekar variables in loop quantum gravity]. In a certain semi-
classical approximation of the full loop quantum gravity theory [115], the Hamiltonian
constraint can allow a certain effective classical metric as a quantum modification of the
Schwarzschild solution. In addition to the well-known Ashtekar-Bojowald singularity-free
black holes [116], which we will discuss later on, there are also other works concerning
LQG black holes.
The following is one expected form of the corrected Schwarzschild geometry [117]:
ds2 = −g(r)dt2 + dr
2
f(r)
+ h(r)dΩ2, (10)
where
g(r) =
(r − r+)(r − r−)(r + r∗)2
r4 + a20
, (11)
f(r) =
(r − r+)(r − r−)r4
(r + r∗)2(r4 + a20)
, and (12)
h(r) = r2 +
a20
r2
. (13)
The outer horizon and inner horizon are given by r+ = 2m and r− = 2mP 2, respectively,
in which P  1 is a theory-dependent constant, M = m(1 + P )2 is the asymptotic mass,
and r∗ =
√
r+r−. Finally, a0 = Amin/8pi, where Amin is the minimum area gap in loop
quantum gravity.
This model has some interesting properties:
– In the asymptotic limit, this model tends to the standard Schwarzschild solution.
[Note that r is only asymptotically the usual areal radius.]
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– The Schwarzschild solution is modified around r ∼ LP. Specifically, we see from
the function h(r) that, as r decreases, the areal radius is bounced around a certain
minimum area a0. Therefore, for an infalling observer, the metric looks like a
wormhole and eventually the observer sees a second future infinity that is separated
from the exterior future infinity.
– This model has two horizons [inner and outer apparent horizons]. Initially, the
evaporating process is similar to the usual Schwarzschild black hole, and hence the
temperature increases as time goes on. However, around the Planck radius, the
temperature is modified and eventually approaches zero. In this sense, this model
provides a zero-temperature remnant. Therefore, similar to the regular black hole
picture, it has been argued that the end point of evaporation is a zero Hawking
temperature object [although as we mentioned above, this is not obvious, and will
be further discussed in subsec.2.7].
We can construct the whole causal structure by using the Vaidya approximation [i.e.,
we take the mass function m as a function of the advanced time v or the retarded time
u] [117].
Regarding this model, we wish to emphasize on some non-trivial properties:
– In the m→ 0 limit, the model does not reduce to Minkowski spacetime due to the
non-vanishing a0. Therefore, we need to assume that only Planck scale effects turn
on the parameter a0.
– There exists a minimum areal radius a0. In terms of the in-falling observer, the scale
a0 determines the area of the wormhole throat. In terms of the asymptotic observer,
when the area of the black hole reduces to around a0, the Hawking temperature
changes drastically and the evaporation slows down.
– This model has an inner apparent horizon, which, like its GR counterpart, is unstable
in general due to mass inflation [118]. This problem should be resolved by some
other independent arguments.
The most well-known scenario concerning black hole evaporation in LQG is probably
the Ashtekar-Bojowald singularity-free black holes [116], as shown in Fig.(8). Here the
singularity is replaced by some “Planckian region”, in which quantum gravitational effect
becomes important. In fact, if one says nothing about which model of quantum gravity one
works with, this picture is quite generic. For a recent discussion about Ashtekar-Bojowald
model in the context of firewall, see [119].
In loop quantum cosmology [in which one first assumes that the universe is homoge-
neous and isotropic, and only after that one proceeds to quantize the remaining degrees
of freedom], one could also resolve the black hole singularity by replacing the Planckian
region with a “Euclidean core” [This could be generic if one imposes the anomaly-free
condition [120]; see also the discussion about Euclidean core in the context of GR and
higher derivative gravity theories [121]]. That is to say, the metric changes its signature
from Lorentzian (−,+,+,+) to Riemannian [Euclidean] (+,+,+,+) once curvature be-
comes sufficiently strong near the “would-be singularity”. However, in [120] it is argued
that this is problematic since the equations of motion cease to be hyperbolic and become
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Figure 8: (Color online) Ashtekar-Bojowald picture. The solid curve below the boundary of the Planckian region denotes
the apparent horizon, while h1 and h2 are two Cauchy hypersurfaces.
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elliptic instead in the signature change region, thus one would not be able to have full
predictability of the system by just imposing initial conditions.
We note that such a change of signature is of course familiar in the context of Hartle-
Hawking no-boundary proposal, in which the universe started as a Euclidean manifold,
say a 4-dimensional sphere [122]. In that context one only has to prescribe boundary
condition once at the Big Bang, and the rest of the evolution will be determined from
the dynamics10. Here, in the context of black hole singularity, one will have to prescribe
boundary conditions at the Euclidean core of every black hole throughout the lifetime of
the universe. This is a less desirable – although not necessarily disastrous – requirement.
2.3.2 Smoothing Matter Profile: Non-Commutativity and Non-Locality
Perhaps, some quantum gravitational principles can be applied to smooth the singularity,
in such a way that its back-reaction to the metric induces a regular space-time. Regarding
this possibility, some radical principles that modify general relativity had been proposed,
notably the ideas involving non-commutativity and non-locality.
– Non-commutative quantum gravity: A quantum gravity inspired model is related
to non-commutative geometry [89, 123]. By quantizing spacetime via the non-
commutative relation [xµ, xν ] = iθµν with an anti-symmetric matrix θµν , the black
hole singularity can be avoided. At the intuitive level, this can be done because
non-commutative geometry is a “geometry without point”.
In a simple model, this is achieved by substituting the GR singularity by using the
matter source with a Gaussian distribution of the form
ρθ(r) =
M
(4piθ)3/2
e−r
2/4θ. (14)
In other words, the matter source is not concentrated at a point [like a delta func-
tion], but smeared over a region of width
√
θ.
Due to such a matter source, the induced metric becomes
ds2 = −g(r)dt2 + dr
2
g(r)
+ r2dΩ2, (15)
where
g(r) = 1− 4M
r
√
pi
γ
(
3
2
,
r2
4θ
)
, (16)
in which γ(s, x) :=
∫ x
0
ts−1e−tdt is the lower incomplete gamma function.
This model has some interesting properties:
– In the asymptotic limit, the geometry approaches that of the standard Schwarzschild
manifold. This result can be generalized to charged black holes [124] and higher
dimensional black holes [125].
10Maldacena-Horowitz’s “black hole final state” [103] is also argued to be consistent with the Hartle-
Hawking no-boundary proposal.
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– The matter source ρ works as a de Sitter-like core that replaces the black hole
singularity. Therefore, this is comparable with the Frolov-Markov-Mukhanov
model [83], where in this case they introduced a real de Sitter core inside the
event horizon.
– Such black hole also has two horizons [126,127]. Therefore it is argued that as
time goes on, the two horizons will approach each other [which, as we repeatedly
mentioned, is not obvious, and will be discussed in sec.(2.7)] and the Hawking
temperature approaches zero; this means that the black hole will have infinite
lifetime and hence becomes a kind of remnant. This remnant would have the
length scale of the order of
√
θ.
At the end of sec.(2.2) we discussed some problems regarding the interpretation of
singularity as a gravitating source, and how replacing it with some kind of matter
source is confusing at best. In the collapsing scenario the situation is slightly better
— in GR, comoving observers with the collapsing matter would crash into the
singularity in a finite proper time [for an explicit calculation of some simple models,
see [128]], although for an asymptotic observer, an apparent horizon would form
and shroud the interior fate of the infalling observers. One could certainly discuss
this collapse scenario with an infalling matter that does not get concentrated at a
point, and thus possibly avoid the formation of the singularity11.
Similar to the GUP approach, it has also been argued that non-commutativity
can somehow allow information to escape the black hole, encoded in the Hawking
radiation [132].
Lastly, we would like to comment that the conventional non-commutative defor-
mations of Einstein gravity is based on the star product. However, it is possible
to give an effective description of a non-commutative manifold based on coherent
quantum states, see [133]. The Gaussian profile originated from the mean values of
the non-commutative position operators on the coordinate coherent states, which
provide the maximal possible resolution on the manifold. An alternative method to
obtain a Gaussian profile is via the so-called Voros Product [134]. It is also possible
to arrive at the same result via a non-local deformation of gravity [135], similar to
what we will review next in this subsection.
– Non-locality: The ideology is quite similar to the previous one, namely, if for some
reasons the matter distribution is not singularly localized as a delta-peak, then there
is a hope to obtain a regular black hole. The idea of non-localization of the gravity
sector [136] is another such proposal. If one modifies the gravity action as
S =
1
16pi
∫
d4x
√−g
[∫
d4y
√−g A2 (`2∇2x) δ(4) (x− y)R(y)] , (17)
11One should also keep in mind that a black hole singularity is guaranteed to form in GR due to Pen-
rose’s Singularity Theorem, which assumes the NEC. Once quantum effects are taken into consideration
[such as in the presence of Hawking radiation], it is no longer obvious whether the singularity still forms
during gravitational collapse. See the discussions in [129, 130]. For a recent review on the singularity
theorem see [131].
23
where R(y) is the Ricci scalar at spacetime point y, ` is an arbitrary length scale,
and A is some function of `2∇2x, with ∇2 := gµν∇µ∇ν , then one would obtain the
modified Einstein equation as
Gµν = 8piGA−2
(
`2∇2x
)
Tµν , (18)
and hence one obtains an effective non-localization of the matter distribution. If
one starts initially with a localized matter distribution [hence the geometry has a
singularity]
T 00 = −
M
4pir2
δ(r), (19)
the effective matter upon the non-locality correction becomes
A−2 (`2∇2x)T 00 = −M `pi2(~x2 + `2)2 . (20)
After solving the Einstein equation, one would obtain the metric
ds2 = −
(
1− 2G(r)M
r
)
dt2 +
(
1− 2G(r)M
r
)−1
dr2 + r2dΩ2, (21)
where
G(r) = 2G
pi
[
tan−1
(r
`
)
− r/`
1 + (r/`)2
]
. (22)
For the regime in which r  `, this model is similar to the de Sitter metric and
hence the properties are similar as the previous non-commutative quantum gravity
models: no singularity, the existence of two horizons, and arguably tends toward a
stable final state as it evaporates.
Finally, we summarize these three models [loop quantum black hole, non-commutative
black hole, non-local black hole] by their shared properties:
(1) There exists a critical radius where quantum gravity effects dominate, and this
critical radius becomes the order of the size of the final objects.
(2) Since these models have two horizons, their corresponding black hole geometries may
tend toward zero temperature in the limit, and finally become black hole remnants.
(3) Due to the presence of the inner apparent horizon, one still needs to take care of
the mass inflation instability problem.
For more discussions, see also [137].
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2.3.3 Energy-Scale Dependence
Another possibility is that [quantum] modifications of gravity may be related to the mod-
ification of the Newton’s constant G or the other coupling constants of nature. Perhaps,
as the gravitational interaction energy scale increases, the gravitational coupling or other
laws of nature also change. Along this line of thought, some examples are known in the
literature. In this review, we emphasize on three important directions.
– RG modified gravity: The idea that the effective description of quantum gravity
may be non-perturbatively renormalizable via the notion of “asymptotic safety”
dates back to Weinberg in the 1970’s [138, 139]. [See also, [140].] Simply put, the
Newton’s constant G [as well as the cosmological constant Λ] could be treated as
running coupling constants dictated by the RG flow, which approaches some fixed
point in the ultraviolet [UV] limit. Consideration of such running coupling constant
may improve the high energy complications of Planck scale physics. Indeed, the
Einstein-Hilbert truncation contains such a fixed point [141]. From the calculation
of Donoghue [142], we expect that the gravitation constant behaves like
G(r) =
G0r
3
r3 + ωG0 (r + γG0M)
, (23)
where the numerical value of ω is 118/15pi, γ = 9/2 [143], and G0 is the experimen-
tally observed value of the Newton’s constant. The Schwarzschild-analog solution
in this model also has two horizons, a regular center, and approaches zero Hawk-
ing temperature configuration as it evaporates away. Nevertheless, doubt has been
raised recently regarding this solution [144]. For reviews on asymptotically safe
quantum gravity, see [145] and [146].
– Gravity’s rainbow: The idea known as gravity’s rainbow was suggested by Magueijo
and Smolin [147]. According to this proposal, the dispersion relation E2 − p2 = m2
should be modified [as in doubly special relativity12] even at the gravity level [hence,
“doubly general relativity”]. This is achieved by introducing two functions of the
energy f and g:
E2f 2
(
E
EPl
)
− p2g2
(
E
EPl
)
= m2. (24)
If this is the case, then physical quantities like energy and possibly other parameters
should depend on the interaction energy scale E and this should be implemented
to even the metric level. As a consequence, the metric solution of a Schwarzschild-
analog black hole should look like
ds2 =− f−2
(
E
Epl
)(
1− 2GM
r
)
dt2 + g−2
(
E
Epl
)(
1− 2GM
r
)−1
dr2 (25)
+ r2g−2
(
E
Epl
)
dΩ2,
12In doubly special relativity, in addition to an observer-independent maximum velocity [namely, the
speed of light], there is also a minimum length scale, namely the Planck length.
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where we have constraints that as E → 0, the other functions should approach their
values in general relativity, i.e., f(E/Epl), g(E/Epl) → 1. Hence, by choosing a
“proper” form of f(E/Epl) and g(E/Epl), and by identifying E with the black hole
mass M , one may obtain a remnant solution that goes to zero Hawking temperature
limit [148, 149]. One potential problem of this idea is that there is no constructive
principle to choose the functions f and g, and hence one can construct [almost] any
solution as one wishes.
For more discussions about remnants for various types of black holes in gravity’s
rainbow scenario, see [150].
– Horˇava-Lifshitz gravity: Another energy-dependent approach, which is radically dif-
ferent from the above two proposals, involves modifying the gravity sector at the
action level to render it non-Lorentz invariant at a sufficiently high energy scale.
If one has a theory of gravity that recovers the usual GR at long distances [low
energy regime], but is radically different at short distance scale [high energy regime]
such that the theory is renormalizable, then such a theory can be a candidate for
a UV completion of Einstein gravity, which would pave the way for a full quantum
theory of gravity. [One outstanding problem of quantum gravity is the well-known
fact that Einstein gravity is non-renormalizable, and hence a perturbative quantum
gravity based naively on GR is impossible.]
To realize renormalizability – at least at the power-counting level – one interesting
proposal is the Horˇava-Lifshitz gravity [151]. For a review of the subject, see [152].
Horˇava introduced a dynamical scaling behavior of space and time. To be more
specific, space and time are treated on equal footing [as in GR] for long distances
[the critical exponent is z = 1, and hence, relativistic], however space and time
are treated differently for short distances, where the critical exponent is z = 3 and
hence non-relativistic. This evades the usual problems, such as ghost degrees of
freedom induced by the higher order time derivatives, which render the theory non-
unitary. Due to the non-relativistic nature at short length scale, the theory may
also allow a stable black hole solution, which would serve as a remnant. However
we should remark here that, the horizon radius of a black hole in Horˇava-Lifshitz
gravity generically depends on the energies of test particles [153], therefore it is not
clear “when and for whom they are black” [154].
A good way to discuss Horˇava-Lifshitz gravity is to first write the metric in the
standard ADM-decomposed form,
ds2 = −N2dt2 + hij
(
dxi −N idt) (dxj −N jdt) , (26)
where, as usual, N is the lapse function and N i, with i ∈ {1, 2, 3}, are the compo-
nents of the shift vector.
The extrinsic curvature is defined by
Kij =
1
2N
(
∂
∂t
hij −∇iNj −∇jNi
)
, (27)
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while the Cotton tensor is defined by
Cij = ikl∇k
(
Rjl −
1
4
Rδjl
)
. (28)
In terms of these quantities, one suggested form of the Horˇava-Lifshitz action is as
follows [151]:
S =
∫
dtd3x
√
hN
[
2
κ2
(
KijK
ij − λK2)+ κ2µ2(ΛWR(3) − 3Λ2W )
8(1− 3λ)
+
κ2µ2(1− 4λ)
32(1− 3λ)
(
R(3)
)2 − κ2
2ω4
CijCij +
κ2µ
2ω2
ijkR(3)il∇jR(3)l k
− κ
2µ2
8
R(3)ijR
(3)ij + µ4R(3)
]
, (29)
where R(3) denotes the 3-dimensional [spatial] scalar curvature, while κ, λ, ω, µ and
ΛW are all parameters of the theory. We do not need to know the details of these
parameters for the purpose of this review. Of particular importance is the running
coupling λ > 1/3, which at low energy limit is expected to flow to the value λ = 1,
at which point GR is recovered. The speed of light depends on energy scale in this
theory, and is given by
c =
κ2µ
4
√
ΛW
1− 3λ. (30)
For a static and spherically symmetric background, we can further write down the
metric ansatz as
ds2 = −N2(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (31)
and for a choice of parameters for an asymptotically flat background, the solution
becomes [155,156]
N2 = f = 1 + ωr2 −
√
r(ω2r3 + 4ωM). (32)
If r  (M/ω)1/3, then it is approximately the Schwarzschild solution. This model
has two horizons
r± = M
(
1±
√
1− 1
2ωM2
)
. (33)
Note that there exists a lower bound M2 > (2ω)−1. The Hawking temperature is
T =
2ωr2+ − 1
8pir+(ωr2+ + 1)
. (34)
As expected, there exists a parameter space that allows a stable solution with zero
Hawking temperature. The radius of the extremal black hole is rext = M = 1/
√
2ω.
This is of the order of the length scale at which the short distance physics becomes
dominant. Due to this behavior, there could be an interesting connection to the
generalized uncertainty principle [157].
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2.4 Semi-Classical Framework: Modification of Gravity Sector
Various remnants can be introduced from not only the quantum gravitational framework,
but also the semi-classical framework. Especially, from string theory background, there
will be various corrections and one can find many examples of remnants. To realize this
within the semi-classical framework, one can modify either the gravity sector or the matter
sector of the action. In this subsection we will focus on the first option, and leave the
second option to the next subsection. We first clarify what we mean by modifying these
sectors:
– Modifying the gravity sector: This means that we add higher curvature terms to
the action or modify the Einstein sector [Ricci scalar term in the action]. These
modifications will change the solutions that may induce remnants.
– Modifying the matter sector: This means that we add some hypothetical matter
fields [motivated from, e.g., string theory]. These new matter fields may provide
new conserved charges that may in turn, induce long-lived remnants.
Note that in general, if regular black holes naturally tend toward their extremal state
under Hawking evaporation, then this implies the existence of remnants, but the converse
statement is not true – remnants need not necessarily be regular black holes! So, in this
section, we shall cover various other models which give rise to remnants.
By adding higher curvature terms or other terms to the gravity sector, one can mod-
ify the metric solution. For example, if the metric function gtt = f(r) with spherical
symmetry admits a series expansion of the form
f(r) = 1− 2M
r
+ a2
(
M
r
)2
+ a3
(
M
r
)3
+ ...+ b1
( r
M
)
+ b2
( r
M
)2
+ ...; (35)
then the Hawking temperature of the corresponding black hole can be expanded as
T =
c0
M
(
1 + c1M + c2M
2 + ...+
c−1
M
+
c−2
M2
+ ...
)
(36)
and the time derivative of the black hole mass yields [158]
dM
dt
= −σT 4A = − d0
M2
(
1 +
d−1
M
+
d−2
M2
+ ...+ d1M + d2M
2 + ...
)
, (37)
where ai, bi, ci, and di are complicated functions of the model parameters of the correction
terms to the Lagrangian. By adjusting these model parameters, if we can achieve T → 0
or dM/dt→ 0 as t→∞, then this may indicate the formation of remnants.
We now briefly list down some possible realizations of such a remnant scenario.
2.4.1 Dilaton Field with Higher Curvature Terms
From string theory, the gravity sector and the dilaton sector can be expanded into the
following form [159]:
S =
1
2λD−2s
∫
dDx
√−g [e−2φ (R + 4(∇φ)2 + α′O(R2) + α′2O(R3) + ...)
+ (R + ...) + e2φ (R + ...) + ...
]
, (38)
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where, for example,
O(R2) = a1R2µνρσ + a2R2µν + a3R2 + a4Rµν∇µφ∇νφ+ a5R(∇φ)2 + a6R∇2φ
+a7(∇2φ)2 + a8∇2φ(∇φ)2 + a9(∇φ)4, (39)
with some constants ai’s. Here D is the spacetime dimension, and λs is the string tension
parameter that is related to the D-dimensional Newton’s constant. The first line is the
α′ expansion that includes higher curvature terms, while the second line is the genus
expansion of the dilaton field that includes higher coupling terms of the dilaton field.
Of course, in general it is not possible to solve the most general effective action of
string theory. Therefore we need to either (1) approximate this expansion, for example
by introducing the form-factors [159] and deal with the action effectively; (2) cut off the
expansion up to a certain order; or (3) consider the solutions in a perturbative way. For
example, in the paper of Callan, Myers and Perry [160], the authors considered a model
with a dilaton field φ and a higher curvature term RµνρσR
µνρσ, with the action
S =
1
2λD−2s
∫
dDx
√−ge−2φ (R + 4 (∇φ)2 + Cα′RµνρσRµνρσ) , (40)
where C is a constant. This model allows various solutions that modify the Hawking
temperature, at least up to α′ order.
Explicitly, the Hawking temperature is modified to be
T = κ1
D − 3
M1/(D−3)
[
1− κ2 (D − 2)(D − 4)α
′
M2/(D−3)
]
, (41)
where κ1 and κ2 are dimension-dependent constants. Therefore, in D > 4 dimensions,
there will be significant corrections to the Hawking temperature in the small mass limit.
The final mass scale is given by
Mmin = [κ2(D − 2)(D − 4)α′](D−3)/2 ∝ O (α′)(D−3)/2 . (42)
2.4.2 Lovelock Gravity and General Second Order Gravity
If we include more higher curvature terms such as in Lovelock gravity [161, 162], black
hole solutions will of course be modified [163]. In general, Lovelock gravity is described
by the complicated Lagrangian
L =
k∑
m=0
cmLm, where (43)
Lm = 2−mδα1β1...αmβmγ11...γmm Rγ11α1β1 ...Rγmmαmβm , (44)
in which δ is totally anti-symmetric in both sets of indices. Each term Lm corresponds to
the Euler density of 2m-dimensional manifolds.
The simplest expansion is to include the second order terms up to the well-known
Gauss-Bonnet term (λ/2)R2GB := (λ/2)(RµνρσR
µνρσ−4RµνRµν+R2), where λ is a coupling
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constant of dimension (length)2, which is presumed small so as to recover GR at low energy
[small curvature] limit. In this case, the Hawking temperature is given by
T =
D − 3
4pirh
(
r2h + λ(D − 5)(D − 4)/2
r2h + λ(D − 3)(D − 4)
)
, (45)
in which the apparent horizon rh should satisfy the polynomial equation
rD−3h +
λ(D − 3)(D − 4)
2
rD−5h −
8piΓ(N/2)
(D − 2)piN/2M = 0. (46)
Note that this correction term does not imply the existence of a remnant in general.
However, for example, if we choose D = 5, then as the black hole shrinks rh → 0, the
Hawking temperature tends toward zero. In general, Lovelock gravity does not imply
remnant scenario; however, Myers and Simon [163] had shown that, at least, the remnant
solution is possible for D = 2k + 1 dimensions with the terms up to L2k included.
Similar analysis was carried out by Whitt [164] in the context of general second order
gravity theories [165], in which the following form of Lagrangian is considered:
L =
N∑
m=0
Lm
(D − 2m)(D − 2)
µ1···µDRµ1µ2 ∧Rµ3µ4 ∧ · · · ∧ eµ(2m+2) ∧ · · · ∧ eµD , (47)
where the eµ’s are as usual, the co-frame dual to the vierbein. Again, there are some
solutions that eventually lead to zero Hawking temperature. However, this is not a generic
phenomenon.
We would also like to mention an interesting and important fact regarding Lovelock
gravity — it suffers from shock formation due to the nonlinear nature of its transport equa-
tion [166, 167]. This occurs because different polarizations of the graviton correspond to
different characteristic [hyper-]surfaces, i.e., gravity can propagate either superluminally
or subluminally, which corresponds to timelike characteristics and spacelike characteristics
surfaces, respectively [c.f. the case in GR in which characteristic surfaces have to be null].
Due to the shock formation, cosmic censorship may be violated [166]. What is even more
intriguing is the possibility that, in Lovelock gravity, due to the nontrivial characteristics,
information may be able to escape the horizon defined by the naive null generators [168].
However, it is more likely that such superluminal nonlinear shocks are also a sign that
the theory may be problematic. This was indeed argued to be the case in [169], in which
the authors showed that higher derivative corrections [with large coupling constants] to
GR are strongly constrained by causality. Gauss-Bonnet theory for example, is therefore
ruled out, unless there exist also infinite tower of massive higher spin particles, as in the
case of string theory.
2.4.3 String-Inspired 4D Effective Model
Up to now, we have not discussed D = 4 dimensional remnants in this subsection. One
reason is that, the Gauss-Bonnet term, being a total boundary term in 4-dimensions,
does not affect the local geometry. However we could start from higher dimensions and
proceed to compactify the string action to yield a 4D effective action. One may further
restrict the model such that the leading α′ correction should include the coupling to the
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dilaton field; in addition, if one further imposes the validity of the no-hair theorem, then
one may drop some complicated dilaton terms of O(R2). One suggested form is [in the
Einstein frame] [170]
S =
1
16pi
∫
d4x
√−g
(
R +
1
2
(∇φ)2 − Cα′eφR2GB
)
, (48)
where C is a constant with the ratio 2 : 0 : 1 for Bosonic, Type II, and Heterotic, string
theories, respectively [171].
In these models, there is no exact analytic solution; but the existence of a static
solution was checked by numerical methods [170] assuming metric ansatz of the usual
form
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2. (49)
Using numerical technique, one may solve f(r), g(r), and φ(r) by varying M , and obtain
f(M, r), g(M, r), as well as φ(M, r) as numerical data. From this, one can fit these
functions, for example, as follows [172]:
f(r) = 1− 2M
r
(
1− 1
M
− 2
M2
+
3
M3
− 4
M4
)
, (50)
where the i’s should be tuned by numerical solution and this will be true only up to
a certain numerical regime; one can proceed similarly for g(M, r) and φ(M, r). From
these analysis, Alexeyev, Barrau, Boudoul, Khovanskaya and Sazhin [172] observed that
these string-inspired 4D black holes may approach a remnant solution with zero Hawking
temperature.
2.4.4 Quadratic Palatini Gravity
In Einstein’s gravity, the metric is the only dynamical variable. In the Palatini approach
[173] of gravity, both the metric and the connection are independent variables13. This
Palatini formalism can be extended to modified gravity, for example up to the quadratic
term:
S =
1
16pi
∫
d4x
√−g (R + aR2 +RµνRµν)+ Sm, (51)
where a is a constant and Sm is the matter sector action [175]. Due to the correction terms
obtained from the variation of the connection, one can potentially model new physical
phenomena using the new degrees of freedom not available in a purely metric theory
of gravity like GR. In [175], the authors found the following solution for a spherically
symmetric charged black hole:
ds2 = gttdt
2 + grrdr
2 + r2dΩ2, (52)
where
gtt = −A(z)
σ+
, grr =
σ+
σ−A(z)
, A(z) = 1− 1 + δ1G(z)
δ2zσ
1/2
−
, (53)
13The Palatini formalism is actually due to Einstein in 1925. See the discussion in [174].
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and z2 := r2/(q
√
2) with charge q, σ± := 1± 2q2/r4, and also
δ21 :=
1
16M20
(√
2q
)3
, δ22 :=
√
2q
4M20
, (54)
with the black hole mass M0. In addition G(z) is a function that satisfies the ODE
dG
dz
=
z4 + 1
z4
√
z4 − 1 . (55)
This model in general has a singularity at z = 1 but this can be avoided if we have
sufficient charge such that M20 . α3/2N3q , where α is the fine-structure constant and
Nq is the number of charges. That is, a black hole that already possesses a sufficient
amount of charge can be singularity-free. Moreover, if the charge is smaller than a certain
critical limit, then it becomes a microscopic massive object that can be interpreted as a
remnant [176].
2.5 Semi-Classical Framework: Modification of Matter Sector
In the previous discussion, we considered the case with only one conserved charge – the
mass of the black hole, M . However, if we add other matter fields, then we can in
principle allow various conserved charges [hence, various black hole hairs], say the electric
charge Q, the magnetic charge P , and so on. Therefore, similar to the case of a Reissner-
Nordstro¨m black hole in GR, these various conserved charges can allow extremal black
hole configurations.
In general, for any static spherically symmetric black hole with a metric tensor of the
form
ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (56)
its Hawking temperature is given by the well-known formula
T =
1
4pi
∣∣∣∣dfdr
∣∣∣∣
r+
, (57)
where f(r+) = 0 is the outer horizon. However, if there are a number of charges, then it
can have more than one horizon. Let us denote the outer horizon and the inner horizon by
r+ and r−, respectively. For the extremal limit, we have r+ → r−. For the specific value
of r, say r0, that satisfies df/dr|r0 = 0, the inequality r− 6 r0 6 r+ is satisfied. Hence,
in the extreme limit, r+ = r− = r0 should be satisfied. Therefore, in the extremal limit,
the Hawking temperature is zero [in fact this is sometimes taken as a working definition
for an extremal black hole]. These extremal black holes can be candidates for remnants,
if the evolution of the black holes bring them toward the extremal limit. An extremal
remnant may also be not absolutely stable. These are very important points worthy of
detailed discussion, and so we will postpone the discussion to subsec.(2.7). Note also that
it is possible for an extremal black hole to be quite large, instead of the very small sized
extremal remnants in the regular black hole proposals.
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2.5.1 Extremal Black Holes and the Fuzzball Picture
There are a lot of extremal black hole solutions in string theory. Most of these solutions
are motivated to investigate black hole entropy by using a string duality [177]. To employ
such a duality, one typically needs to rely on supersymmetry and this restricts the cor-
responding solutions to be either extremal or near extremal. To keep the length of this
paper reasonable, we will not discuss all of the string inspired extremal black holes.
One important observation is that, there are many string-inspired hairy solutions. This
was the motivation of the fuzzball picture [178]. Although the detailed description of the
fuzzball picture is beyond the scope of this paper, we shall provide a short summary.
The fuzzball picture relies on the fact that there exist a large class of hairy fuzzball
solutions, which are asymptotically similar to ordinary black hole solutions but have no
event horizon. Hence, for a number of states N , if we can construct N different kinds of
fuzzballs, then this may solve the information loss paradox. A black hole is thus nothing
more than a superposition of these different geometries in a short time scale [compared
to the lifetime of the “black hole”]. Each fuzzball has neither an event horizon nor a
singularity, and hence the whole process should conserve information. This is argued to
resolve the information loss paradox.
There are nevertheless some criticisms on the fuzzball picture. Firstly, in order for
this process to work, we need to find enough number of fuzzball solutions, which may not
be feasible. Secondly, only the [near-]extremal fuzzballs are well understood [179], but for
this proposal to be realistic, we also need to consider the splitting of states for generic
non-extremal black holes. Thirdly, if black holes are just superpositions of geometries
that could in principle split off into different observed states, the status of the in-falling
observer is not very obvious. According to the fuzzball complementarity [180,181], as long
as the free-falling observer has sufficiently large energy E > T where T is the Hawking
temperature, then the observer will experience just the usual free fall as in general rela-
tivity. However, once this kind of free fall is allowed, then this will cause inconsistency
anyway with firewall [14, 90]. Lastly, even if these problems are resolved, it is still not
entirely clear how to relate the original information with the radiation emitted by the
fuzzballs. Perhaps, this relies on the “splitting process” that is yet to be clearly worked
out.
An interesting discussion on fuzzball and string theory in the context of information
loss can be found in [182].
2.5.2 More Ado about Charges and Hairs
Let us focus on extremal black holes that are more realistic. Once again, these extremal
black holes arise from the introduction of various charges or black hole hairs. Before
proceeding, let us remind the readers the rationale for discussing black hole hairs. The
main idea is that an additional hair could provide also an additional parameter for a
black hole to become extremal. Naively, an extremal black hole could live indefinitely and
serves as a remnant.
From the no-hair theorem, we know that in GR there is no other [fundamental] hairs
except the tensor field gµν and the vector field A
µ [183]. The tensor field is related to
gravity while the vector field is related to the electric charge. [There is also another
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conserved quantity, namely the angular momentum, but it is not related to some fields.]
To find more hairy black holes, we have at least two strategies.
– More vector fields: The first option is to introduce more vector fields. The easiest
way to do this is by introducing a new and larger gauge group, whose gauge bosons
are vector fields. Of course, the color charge of quarks can be a candidate but it is
not that realistic as a black hole charge [see, however, [184]]. Even with the color
charge, there are still not enough degrees of freedom to resolve the information loss
paradox. Perhaps, a larger gauge group can come from the string inspired models.
As an example, Coleman, Preskill and Wilczek [185,186] investigated the case of ZN
gauge symmetry. The ZN electric hairs lead to non-perturbative quantum effects
and hence it is not a trivial matter to reach a conclusive result. However, for the case
of ZN magnetic hairs, quantum effects are well controlled and allows zero Hawking
temperature solutions with the constraint
M2 =
2pi
e2
n(N − n)
N
, (58)
where M is the corresponding black hole mass, e is the coupling constant, and
n = 1, ..., N − 1 is the ZN charge. Due to the diversity of gauge fields, even for the
extremal black holes, the mass parameter may not be unique.
– Violation of no-hair theorem: If we want to consider scalar field hair instead of a
vector field one, we have to violate some of the assumptions that go into the no-hair
theorem [187]. There are various ways to implement this. The simplest way is to
introduce a potential V (φ) of the scalar field φ. For example, if V (φ) can have
negative values, then this may allow a hairy black hole solution [188]. However,
although this possibility remains open, the relationship between such a scalar field
and the conserved charges remains obscure. In particular it is not guaranteed that
with a scalar field one can obtain an extremal black hole [which serves as a remnant]
in the limit. Such a difficulty is illustrated, for example, by the so-called “stealth
solution” on BTZ background [a stealth field is a non-trivial self-interacting, non-
minimally coupled scalar field that does not contribute to the gravity sector, due
to the vanishing energy-momentum tensor] [189]. For some reasonable parameters,
the stealth field eventually decays into the black hole. Perhaps, a more interesting
approach is to couple a scalar field to the gauge field, an option which we will discuss
next. Recently it was also pointed out that, notwithstanding the no-hair theorem,
a rotating black hole in GR can allow “bristles” – extremely short-range stationary
scalar configurations near its horizon [190].
2.5.3 String Inspired Model: Dilaton and Charge Coupling
In a large class of string-inspired models, there could exist a non-trivial coupling between
the dilaton field and the electric/magnetic field. For example, it is permitted to have a
dilaton φ and a gauge field Fµν coupled together via a term that goes like
∼ e−βφF 2µν (59)
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where β has the ratio 0 : 1/2 : 1 for Type II, Type I, and Heterotic string theory,
respectively [see sec.(8.1) of [191]]. These can give rise to different dynamics [192] and
thus have various implications. In addition, string-inspired models allow various classes
of extremal black holes. This issue was investigated by Gibbons and Maeda [193] [see
also, [194]] for the specific model given by the following action:
S =
∫ √−gdDx[ R
16pi
− (∇φ)
2
2pi(D − 2) − U(φ)−
e−
4
D−2g2φ
4
F 22
−e
− 4
D−2gD−2φ
2(D − 2)! F
2
D−2
]
, (60)
where φ is the dilaton field, F2 is the 2-form field with coupling g2 [which corresponds to
an electric field], FD−2 is the (D − 2)-form field with coupling gD−2 [which corresponds
to a magnetic field], and U(φ) is the potential of the dilaton field. Strictly speaking the
dilaton is not an additional hair of the black hole. The reason is that it is coupled to the
electromagnetic field in such a way that if Fµν ≡ 0, then the dilaton has to be constant.
In the literature, among the class of solutions [see, e.g., [195]], a specific one receives
much emphasis due to its various interesting properties. This solution is the famous
Garfinkle-Horowitz-Strominger [GHS] solution [196–198] in the 4-dimensional Heterotic
case. The charged black hole in this theory has a metric tensor of the form
ds2 =−
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 (61)
+ r
(
r − Q
2e−2φ0
M
)
dΩ2,
where
e−2φ = e−2φ0
(
1− Q
2
Mr
e−2φ0
)
; (62)
F = Q sin θdθ ∧ dϕ. (63)
Here Q is the magnetic charge and φ0 is the asymptotic dilaton field value. This model
includes the extremal “black hole” solution at Q2 = 2M2e2φ0 . The metric tends to a
naked null singularity in the extremal limit and thus will cease to be a black hole in the
usual sense [note that the 2-sphere metric shrinks to zero size in this limit; also one should
take caution in that r does not play the usual role of an areal radius here.]
A very interesting aspect of the charged dilaton black holes is the fact that strings do
not experience the above mentioned geometry [“Einstein metric”] but rather the string
frame metric, which is related to the Einstein metric by a conformal factor: gˆstring =
exp(2φ)gEinstein. The string world sheet has minimal surface area with respect to the
string frame metric. In the string frame, things are in fact quite different. By absorbing
a factor of exp(2φ0) into the coordinates: te
φ0 7−→ t and reφ0 7−→ r we could write the
string frame metric as
gˆstring = −
1− 2Meφ0
r
1− Q2e−φ0
Mr
dt2 +
dr2(
1− 2Meφ0
r
)(
1− Q2e−φ0
Mr
) + r2dΩ2. (64)
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Figure 9: Left: (Color online) The causal structure of an extremal Reissner-Nordstro¨m black hole, where thin lines denote
the event horizon; Right: The causal structure of the extremal Garfinkle-Horowitz-Strominger [magnetically charged] black
hole in the string frame. The left side of the diamond is the “throat” of the geometry.
In the extremal limit, Q2 → 2M2e2φ0 and the string metric reduces simply to
gˆstring → −dt2 + dr
2(
1− 2M
r
)2 + r2dΩ2. (65)
One notes that the naked null singularity in the Einstein frame is no longer a single point
in the string frame but a spherical surface, which is also the extremal horizon.
The most interesting property is that in this limit, the extremal black hole as seen
by the strings is geodesically complete without any event horizon or singularity [they
have been pushed to an infinite proper distance]. The geometrical structure looks like
an infinitely long throat; this has an infinite amount of volume and hence the internal
structure can potentially store an infinite amount of information. Furthermore the pair-
production rate of such charged black holes from the vacuum is bounded [199]. However,
such an infinite throat solution only arises when the black hole is magnetically charged,
but not when it is electrically charged; despite the fact that the metric looks the same in
the Einstein frame, they are different in the string frame.
One has to take note that this infinite tube geometry is very different from the more
familiar infinite tube structure of the extremal Reissner-Nordstro¨m black hole in GR [see
Fig.(9)]. In the case of an extremal charged dilaton black hole, the horizon [which is
singular] is at an infinite proper distance to any causal observer, whereas for the extremal
Reissner-Nordstro¨m black hole, the horizon is only at an infinite spatial distance away.
This difference is crucial – it means that for the dilaton black hole, the extremal horizon
behaves like another null asymptotic infinity, but no such interpretation can be given to
the extremal Reissner-Nordstro¨m geometry14.
This model suggests an interesting possibility that black hole possesses a “large in-
terior”, a concept that we will return to in later sections in this review. At this point,
however, one should point out that it is not clear how this scenario could help solve the
14A question closely related to the issue of information storage capacity is whether [near-]extremal
Reissner-Nordstro¨m black holes contain degenerate states. See [200].
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information loss paradox – should the string frame metric indeed be the fundamental
one, even though when we describe gravitational collapse in GR we work in terms of the
Einstein metric? Physical predictions are arguably the same for both metrics [201] [see,
however, [202]] when they both make sense, but when one of the metrics break down due
to singularities, it would be nice to have a more detailed picture of the equivalence. Also,
the fact that the aforementioned large interior only arises in the presence of magnetic
charge also casts some doubts to its utility in resolving the information loss paradox.
Finally, we comment on the singularity r = 0 in the string metric of an electrically
charged GHS black hole. We note that in the limit r → 0, the string coupling becomes
weak since eφ → 0 in this case [the coupling becomes strong for the magnetically charged
case, since φ→ −φ under the electromagnetic duality that relates a magnetically charged
solution to an electrically charged one]. Since the GHS solution is derived from a low-
energy effective action of the full string theory, one should not trust the solution near high
curvature regime, such as in the neighborhood of the curvature singularity. Nevertheless,
as pointed out in [197],
“[...] it’s difficult to resist speculating about what it might mean if the exact
classical solution had a similar behavior. It would suggest that, contrary to the
usual picture of large quantum fluctuations and spacetime foam near the sin-
gularity, quantum effects might actually be suppressed. The singularity would
behave classically!”
In other words, there remains the possibility that [at least some] curvature singularities
may not be cured by quantum gravity, as we discussed in sec.(2.2).
2.6 Remnant Scenarios in Lower Dimensions
Black hole physics in various dimensions has always been an interesting topic. Since the
information loss paradox occurs not only in 4 dimensions but also in other dimensions, the
investigation in general dimensions may shed some lights on the essential properties of the
information loss paradox and the remnant picture. In some of the previous subsections
we have already discussed a few higher dimensional examples. In this subsection, we shall
discuss the lower dimensional case.
In lower dimensions, as one might expect, black hole physics is simpler than that of
four dimensions. However, because of the simplicity of gravity in lower dimensions, to
obtain a black hole solution, some special conditions need to be imposed. [In pure GR
without a cosmological constant, no black hole solution is possible in lower dimensions].
For example, in order to render black hole solutions in two dimensions dynamical, one
must couple the dilaton field to the gravity sector [203]. For the three dimensional case, to
find a non-trivial solution without a conical singularity, one has to turn on the negative
cosmological constant [204]. We briefly summarize the status of the information loss
paradox and discuss the connection to the remnant picture in these dimensions.
– Two dimensional case: A dilaton black hole model was constructed by Callan, Gid-
dings, Harvey and Strominger [203]. This is the famous CGHS model. One can
turn on the renormalized energy-momentum tensor that describes Hawking radia-
tion [205], but there is some freedom to choose this renormalized energy-momentum
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tensor. If one imposes a global symmetry, then one can even find exactly solvable
models, such as the ones found by de Alwis [206], Bilal and Callan [207]; as well as
Russo, Susskind and Thorlacius [RST] [208].
The original CGHS model with Hawking radiation turned on can be analyzed using
computer simulations [209]. According to the recent calculations [210], the authors
reported that the end point of evaporation seems to approach a constant Bondi mass:
M ∼ 0.86(N/24)MP, where N is the number of matter fields and is assumed to be
large. Motivated from their numerical calculations, the authors argued that this final
endpoint should be interpreted as a remnant [211]; in addition, they argued that
Hawking radiation is not pure, but instead entangled with the long-lived remnant.
This is an interesting proposal, but we need to be careful when interpreting the
numerical results of CGHS. For example, it is theoretically possible to invoke the
freedom of choosing the renormalized energy-momentum tensor for some analytic
calculations. In the case of the RST model, the endpoint of evaporation can be
calculated analytically where it has a negative mass parameter [208]. It is not easy
to interpret this as a remnant. The canonical interpretation is that, at the end
stage of Hawking evaporation, the one-loop order approximation breaks down, and
the black hole emits all of its remaining energy [which could be either positive or
negative], and finally becomes a flat spacetime.
– Three dimensional case: In three dimensions, we find a black hole solution in anti-
de Sitter background, the famous Ban˜ados-Teitelboim-Zanelli [BTZ] solution [204].
Although BTZ black holes have non-zero Hawking temperature, they do not com-
pletely evaporate due to their positive specific heat, which enables them to attain
thermal equilibrium with their own Hawking radiation [unlike AdS black holes in
higher dimensions, a BTZ black hole does not exhibit Hawking-Page transition –
they are always thermodynamically favored over pure AdS geometry]. Hence, these
black holes are eternal.
Since there is no complete evaporation, it seems that the black hole stores infor-
mation forever and there is no information loss. Furthermore, these black holes are
defined on an anti-de Sitter background and it is believed that the boundary field
theory should be unitary [212] [see, on the other hand, [8]]. Nevertheless, correlation
functions between the outside and the inside of the event horizon seems to decay to
zero as time passes. This problem was discussed by Maldacena [213]. According to
Maldacena, this demonstrates information loss even for an eternal black hole. Per-
haps, the loss correlation can be recovered by a non-perturbative “trivial history”15
that contributes to the entire path integral for the boundary observer of anti-de
Sitter space and this will resolve the tension between information loss of the eternal
black hole and the AdS/CFT correspondence [212].
Although this is not quite the same as black hole remnants that we have been
discussing, it nevertheless tells us that: the existence of a stable object may not
ensure the conservation of information.
15By a “trivial history”, Maldacena meant the trivial topology solution.
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2.7 The Role of Electrical Charge in Black Hole Evolution
Now let us remark on the various proposals that involve remnants as some kind of stable
extremal black holes that arise as the end state of Hawking evaporation. This actually
has several problems. The first problem is that a large class of extremal black holes
are actually not stable. The idea that they are stable comes from the fact that many
extremal configurations are what known as BPS objects in string theory. However, it has
been mathematically proved that certain perturbations on the horizon of extremal black
holes would blow up in a finite time, signaling the instability of the geometry, even at the
classical level. This is the Aretakis instability [214–217]. [An illuminating reference on
the Aretakis instability is that of Bizon´ and Friedrich [218].] Of course, this may not be an
issue since black holes most probably never become exactly extremal although they might
come arbitrarily close to extremality. The Aretakis instability however only happens to an
exactly extremal black hole. Therefore if a black hole never becomes exactly extremal, it
will not be subject to Aretakis Instability. The relevant and essential question is, instead,
the following: Does a given black hole evolve naturally toward its extremal configuration?
Let us investigate the case in which the extremal condition is provided by the electrical
charge [as in an electrically charged Reissner-Nordstro¨m solution in GR]. Asking such a
question of course pre-supposes that the black hole is in isolation. In a realistic universe
in which the black hole is surrounded by matter fields, one does not expect geometrically
interesting electrical charges to be present. However, this is a crucial question to ask
because one can certainly formulate the information loss paradox even for such idealistic
black holes. Investigating the evolution of charged black holes would then allow us to
either rule out or support some proposed solutions to the information loss paradox. [For
example, Harlow and Hayden [219] proposed that firewalls can be evaded by considering
the enormously long time that one needs to “decode” Hawking radiation, so long in fact,
that the black holes would have already evaporated by then. They were correct to worry
about the charged case, since it appears that a charged black hole may have infinite life
time, and so their proposal would seemingly not work. This was shown not to be the case
in [220], via a careful analysis of a certain type of charged AdS black hole.]
In the literature on the information loss paradox, most works only consider either the
Schwarzschild black hole, or its neutral counterpart in modified gravity or the regular
black hole scenario. The usual justification given is that, as we have just mentioned:
astrophysical black holes are not expected to possess any significant amount of electrical
charge. Even at the level of purely theoretical considerations, it is commonly thought
that electrical charges should not play any critical role in the issue of information loss
paradox – after all, it is permissible to consider a chargeless black hole to begin with.
It is argued in [220, 221], however, that this is an over-simplication. The reason is, even
an isolated neutral black hole can pick up a significant amount of electrical charge over
its long lifetime, as long as a theory allows a Maxwell-field. This build-up of electrical
charge is from the fact that Hawking radiation does produce charged particles, albeit
exponentially suppressed if the initial data consist of a neutral black hole. However, a
typical black hole lifetime is extremely long, and therefore the effect accumulates and
should not be ignored entirely. Of course, since the probability of producing positively
and negatively charged particles are equal, by symmetry alone, one would be tempted to
conclude that a priori there is no reason that the evaporation process would favor one
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type of charge accumulation over the other. However, the charge loss rate is coupled to
the mass loss rate [which also involves neutral particles], and therefore the evolution is
actually non-trivial, and was only settled by a careful analysis of Hiscock and Weems in
1990 [222].
As shown in Fig.(10) the evolution of a sufficiently large16 asymptotically flat Reissner-
Nordstro¨m black hole in GR is such that, even if the initial charge-to-mass ratio may
be very small, it can approach the extremal limit during the long course of its lifetime
[222,223]. Nevertheless, the charge-to-mass ratio eventually turns around and approaches
the Schwarzschild limit [note that the model eventually breaks down when the black
hole gets sufficiently hot as it shrinks toward the Schwarzschild limit]. Therefore [near-
]extremal black holes do not play the role of black hole remnant as far as GR is concerned,
if we assume the usual thermal picture of the Hawking radiation. [This statement is of
course also true for a realistic universe in which black holes are not isolated.]
We recall that in many discussions about modified black hole solutions [regular black
holes, non-commutative black holes etc.], one often argues that since the neutral black
hole solution possesses two horizons, they would naturally tend toward the extremal limit
as they Hawking evaporate away. As far as information loss is concerned, this argument
needs a further, explicit calculation to justify. This is because neutral black holes are
too special – black holes do not stay neutral even if they are neutral to start with, so
we really need to consider charged black holes17, albeit with generic [i.e., not too high]
charge-to-mass ratio. It would be interesting to study the evolution of charged modified
black holes and see if they do tend toward extremal limit.
We emphasize again that this discussion only holds true for idealistic isolated black
holes, not realistic black holes in our universe. The point is, the information loss paradox
can be considered under the same assumptions, and thus a proposed resolution of the
paradox should be examined to see if it holds also for the charged case.
One might of course argue that the statement that Reissner-Nordstro¨m black holes
tend to the Schwarzschild limit depends on the specific model of Hawking evaporation.
This is certainly true. For example, in [226], it is argued that the extremal limit is an
attractor, and so it would be natural for [near-]extremal Planck-size black holes to play
the role of black hole remnant, which is an exact opposite of the conclusion obtained
above. However, as was argued in [220, 221], due to the large uncertainty concerning
Planck scale physics, we should try to approach the issue regarding the end state of
black hole evaporation using a better understood quantum gravitational system — such
as the AdS/CFT correspondence. Note that in order to stay within the regime in which
AdS/CFT is relatively well understood, one should work with AdS black holes with the
16This assumption was required in [222] since the authors modeled charge loss via Schwinger effect of
particle creation, and thermal Hawking radiation only emits neutral particle. This requires a cold black
hole, which, in asymptotically flat geometry, means a massive black hole.
17We remark that electrical charge sometimes plays a crucial role in some remnant solutions. For
example, electrically charged solutions within the Eddington-inspired Born-Infeld theory of gravity are
not only singularity-free [the singularity is replaced with a wormhole supported by the electric field],
but could also allow remnant [224]. There is also the possibility of “solitonic remnants” – sourceless
geons containing a wormhole generated by the electromagnetic field [225]. In addition, Markov and
Frolov considered an “almost-closed” Friedmann-Lemaˆıtre-Robertson-Walker [FLRW] universe linked by
a Reissner-Nordstro¨m wormhole back in 1971 [32]. Such “friedmon” has nontrivial interior geometry but
can look like a tiny particle from the outside.
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Figure 10: Left: The evolution of mass and charge of an asymptotically flat Reissner-Nordstro¨m black hole with a very low
value of the initial charge-to-mass ratio. The initial mass and charge are set to be M = 7.35× 1011 cm and Q = 2.94× 1011
cm, respectively. Right: The evolution of the charge-to-mass ratio of the same black hole. Note that initially the charge-
to-mass ratio increases, and in fact gets very close to the extremal limit, but eventually turns around and decreases toward
the Schwarzschild limit. See [221] – from which these diagrams are taken – for more detailed discussions.
property that the curvature at the horizon never becomes too large throughout its evo-
lution. This should be contrasted with an asymptotically flat Schwarzschild black hole,
whose curvature [specifically, the Kretschmann scalar RµνρδR
µνρδ] becomes unbounded as
the horizon shrinks.
In the context of charged black holes, this correspondence is best understood when the
boundary is a flat spacetime, and thus the corresponding black hole in the bulk has a flat
horizon [i.e. the horizon is either planar or a flat torus]. It was then shown that unlike the
asymptotically flat case, these asymptotically locally AdS black holes with flat horizons
do appear to approach the extremal limit without turning back toward the neutral limit
[at least in the regime of validity of the model, which requires a sufficiently large AdS
curvature length scale L]. However, these black holes are always eventually destroyed by
a kind of stringy instability [Seiberg-Witten instability; see B.], or by a phase transition
from the black hole state to a type of solitonic state [227,228]. Furthermore, the curvature
at the horizon of a flat black hole remains small — it is 144/L2 in the extremal limit.
This suggests that once we take the electrical charge into consideration, it is unlikely that
the black hole can survive long enough. That is, from this point of view, remnants are
unlikely to exist. This result, even if correct, definitely does not rule out all remnants. In
particular, black holes in our real universe may still end up as remnants. The result does
however suggest that we should not expect all black holes to become remnants. We will
discuss this futher in sec.(4).
This, however, raises another question: What happens to the information when a
[charged] black hole is destroyed by the Seiberg-Witten instability? One may be tempted
to think that with the destruction of the horizon, the information will just be released
and be accessible to anyone who initially stayed outside the black hole. However, we
would like to emphasize again that we need to know exactly what happens to the black
hole singularity in a full quantum theory of gravity, without which we cannot conclude
with much confidence about the fate of the information that has fallen into the black
hole [although resolving the singularity does not by itself guarantee that we can solve the
information loss paradox].
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2.8 A Short Summary
In this section wee see that the remnant picture appears in many models and theories
of either the phenomenological approach [including GUP], the semi-classical approach or
“full fledged” quantum gravity candidates, as well as modified theories of gravity. Let
us now summarize these various approaches together with their advantages as well as
disadvantages.
1. Quantum gravitational principles: Remnants are allowed by an effective approx-
imation of some quantum gravitational principles.
– Strong points: These remnants are consistent with the generalized uncertainty
principle; remnants are of the Planck scale since quantum gravitational effects
are turned on around that energy scale. This agrees with our intuitions on
quantum gravity [if indeed our intuitions work well in this subject].
– Weak points: For these examples, there are no rigorous field theoretical deriva-
tions, but rather only a toy model from the effective descriptions of quantum
gravitational principles. Therefore, the dynamical generalization would be dif-
ficult. Can this approach be extended to include dynamical descriptions so
that these models are at least perturbatively stable?
2. Modification of gravity sector: Remnants can arise from the introduction of higher
curvature terms in the gravity action.
– Strong points: The introduction of higher curvature terms is very natural and
is motivated by various theories, e.g., string theory.
– Weak points: In these models, one needs to select the higher curvature terms
very carefully to allow for remnant. This is a fine-tuning problem. The exis-
tence of remnant is not entirely trivial. However, in the Planck scale regime,
all higher curvature terms should be equally important. Is there a guiding
principle that may help to select the terms that will guarantee the existence
of a remnant solution? In addition, the introduction of higher curvature terms
can also be problematic [169].
3. Modification of matter sector: The inclusion of new charges allow the existence
of new black hole hairs, which can accommodate extremal black holes as remnants.
– Strong points: This can be motivated from various particle physics models or
string theory, even within the perturbative regime.
– Weak points: In these models, one needs to choose the initial condition carefully
to have a certain amount of charge. In addition, it is unclear whether the
subsequent quantum effects would induce the decay of charge [similar to the
Schwinger effect], and therefore push the solutions away from extremality.
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3 Challenges for Remnants
The idea that black holes eventually stop evaporating and remain as Planck-sized rem-
nants, although well-motivated as we have seen from the previous section, still face some
serious challenges. There are at least two types of challenges. The first is about the exis-
tence of remnants, as we briefly touched upon in the concluding remarks in subsec.(2.7).
The second challenge is: assuming that remnants exist, do they play any significant role
in resolving the information loss paradox? We will review these issues in this section.
3.1 Over-Production of Remnants?
Let us start with the first challenge. In addition to the point already raised in the preced-
ing section about Seiberg-Witten instability which is based on a string theoretic argument,
we would now explore whether Planck-sized remnants are consistent with known estab-
lished physics, especially with what we know about quantum field theory.
Consider the formation of a black hole via gravitational collapse and its eventual
evaporation via Hawking radiation. Suppose also that the process is completely unitary
but Hawking radiation is completely thermal, in the sense that it does not contain any
information about the matter that collapsed to form the black hole. If the end state of the
evaporation is a remnant, then there are two possibilities: either the remnant is completely
stable and stays in such form indefinitely, or that it is unstable and will eventually decay
[“quasi-stable remnant” or “long-lived remnant”]. It has been argued that purity of the
final state cannot be restored in the “final stage” of a remnant since there are too few
quanta [only E ∼ MP left] to encode the necessary correlations. Furthermore, these
quanta cannot be all emitted simultaneously in a burst; instead the information has to
come out slowly, one particle at a time. Therefore the lifetime of a remnant, even if it is
not infinite, must be very long, exceeding the current age of the universe [24]. That is,
they are “quasi-stable” with life time proportional to M4 [229]. [See also, [230,231].] For
all practical purposes then, this suggests that we need not distinguish between a stable
remnant and a quasi-stable one.
It has been argued that both types of remnants lead to the infinite production problem
[see, e.g., [237] and the references therein]: since information is stored in the remnant,
and since we can form a black hole from an arbitrary initial state, it seems that there
will be essentially an infinite number of different remnant species. It is then argued that,
at the level of effective field theory with cutoff scale λc  LP, these remnants can be
treated as ordinary point particles. Now, since effective field theory cannot resolve any
structure with a scale smaller than the cutoff scale λc, these remnants should therefore
have the same production cross-section. Since there are essentially an infinite number of
species, even if the production rate for each of these species is exponentially suppressed,
overall we still have an infinite pair-production problem — the vacuum should be unstable
and produce copious amounts of black hole remnants. This is of course not observed in
Nature.
To be more detailed, for a black hole with mass M , its Bekenstein-Hawking entropy
is of the order M2, and hence the naive probability for the production of such a remnant
is P ∼ Ne−M2/M2P , where N is the number of different species of the remnant. The
exponential factor is the famous term in the Gross-Perry-Yaffe-Kapusta [GPYK] theory
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of black hole formation [232, 233]. We would like to comment that the GPYK black
hole nucleation rate assumes a background temperature T of the universe. This rate is
therefore the rate of black hole production due to the vacuum fluctuations under this
temperature. Black holes so produced will have their masses M ∼ 1/T .
Hence, N ∼ expSst, where Sst is the statistical entropy of the remnant [which is not
the same as the (coarse-grained) Bekenstein-Hawking entropy]. The problem is that, to
contain an arbitrarily large amount of information in such a remnant, Sst, and therefore
N , should be arbitrarily large. One might be tempted to argue that, for a Planck sized
object, M ∼MP, so the exponential suppression is not very effective. Therefore, it seems
that the quantum vacuum should generate essentially an infinite [or finite but extremely
large] numbers of Planck-sized remnants. This statement is however misleading, since
M ∼ 1/T and so the only time when M ∼MP can naturally happen is during the Planck
era, and the copiously produced black holes would be much diluted by inflation, similar
to what happened to the magnetic monopoles. In late time universe the temperature
is much lower than the Planck temperature and therefore such black hole production is
exponentially smaller. The only problem here is that N can be so large that it could in
principle overcome the exponential suppression.
However, perhaps one could also argue that if the statistical entropy [which could be
different from the thermal entropy] of a black hole is sufficiently large, the production
probability of a remnant should be proportional to e−Sth and not e−M
2/M2P . That is to say,
perhaps one has to differentiate between two types of black holes: primordial black holes
and black hole remnants. Although they are of the same size, their entropy contents may
not be the same. Furthermore, following standard QFT, it seems that the probability
of finding a final state should be the total cross section divided by the “incoming flux”,
i.e., the number of the initial states. So we may not gain anything even if N is large and
P ∝ Ne−M2/M2P .
There are indeed numerous counter-arguments that attempted to explain why the
above naive argument against the existence of remnants is not correct. These include18:
(1) Black hole remnants continue to have a large interior volume [“massive remnants”]
although they appear as point particles to the exterior observers. Therefore one
should not treat them as point particles that can be created from the quantum
fields via local operators. See e.g., the “cornucopion” scenario [expanding “horn” of
a black hole remnant] of Tom Banks [235]. See also, [236].
(2) Pair production of remnants is suppressed due to strong effective couplings [237].
(3) Pair production of magnetic black holes in a weak magnetic field is estimated in a
weakly-coupled semiclassical expansion about an instanton and found to be finite,
despite the infinite degeneracy of states [238].
(4) Fluctuations from the infinite number of states lead to a divergent stress tensor.
This spoils the instanton calculation that led to the conclusion that production rate
is infinite [239].
18Another argument is that, at least in de Sitter spacetime, the number of remnant species could be
finite [234]. Of course, this argument would not solve the information loss paradox in a hypothetical
asymptotically flat universe. As pointed out in the paper itself, even for de Sitter spacetime, it is not
clear if a large but finite number of states is phenomenologically allowed.
44
(5) Effective field theory may not be well-defined for remnants [42].
Susskind argued that even if remnants possess large interiors, the existence of remnants
in the thermal atmosphere of Rindler spacetime would still lead to the pair-production
problem [240]. Indeed, it is claimed that “the entire Rindler space fills up with remnants
out to arbitrarily large distances, even to where the acceleration is negligible”. However,
in view of point (5) above, this still depends on whether effective field theory can be
well-defined for remnants. In addition, Susskind’s argument depends on treating the
enormous entropy inside remnant on equal footing as the Bekenstein-Hawking entropy,
i.e., the additional remnant entropy also contributes to thermodynamics. It is not obvious
that this is necessarily the case.
Let us further remark on the infinite-production problem. Central to this argument
is the assumption that, if effective field theory holds, then one could have a cutoff scale
λc  LP. For Planck sized remnants, whose size is much smaller than the cutoff scale,
they can thus be treated as point particles. Like all quantum particles one could compute
the production rate of these remnants from the vacuum. It is argued that, even though
the production rate of a specific remnant is exponentially suppressed, due to the huge
number of “species”, the overall production rate of remnants should still diverge. Recall
that in the context of cosmology there is the so-called “Boltzmann Brain Problem” [see,
e.g., [241]]: If the universe is in thermal equilibrium, a small random fluctuation that
produces a sentient brain with certain thoughts like “I think, therefore I exist” before
dissolving back into the environment would be far more likely than a large fluctuation
that produces galaxy clusters which lead to sentient beings like us. So why aren’t we
“typical” observers like the Boltzmann Brains? The answer is that the universe is far
from being in thermal equilibrium. Regardless, if one thinks about a human brain, it has
extremely many variations – the number of neurons, and the exact shape of the dendrites
[branching of a neuron that propagates electrochemical signal along the neural network]
can all vary from one brain to the next. Indeed no one has the same memory, and so
each brain is completely unique. Of course the probability of fluctuating out a brain
is exponentially suppressed, but since there are potentially infinite number of different
brains, why don’t we see Boltzmann Brains being copiously produced even in a universe
which is not in thermal equilibrium? This suggests that we should not treat objects
which contains large amount of information, be they black hole remnants or disembodied
Boltzmann Brains, in the same way as we treat elementary particles – namely, if there
are N different types of an object X, the total probability of production is not the naive
one given by N multiplied by the [exponentially suppressed] production rate of a single
object X. Of course one could reason that brains are macroscopic and the cut-off scale
of effective field theory for remnants is far smaller, so we should not compare Boltzmann
Brains with remnants. In addition, perhaps such comparison is not correct since the
number of brains of a given size should not be greater than the number of states for a
black hole of the same size, i.e. of the order exp(A/4) for boundary area A, if one trusts
that the entropy bound holds. That is to say, the statement that the number of distinct
brains could potentially be infinite may be incorrect.
All these boil down again, to the central issue – whether one could apply effective
field theory to an object that looks like tiny particle from the outside but has non-trivial
geometry on the inside. We suggest that this question should be explored in greater
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details; again we emphasize that GR is a geometric theory, it is only fair that we pay
attention to geometries. In the words of Ellis in [34],
“This argument requires you to believe standard QFT holds for super-Planck
scale black hole remnants. This seems highly questionable. Indeed if it were
true, it is not clear why one needs a full quantum gravity theory. ”
Ellis also argued that the enormous number of initial states eventually left spacetime as
the information hits the singularity. Those states should therefore not be included in any
propagator calculated from within spacetime.
Furthermore, even if one assumes the applicability of an effective field theory, Itzhaki
counter-argued that, since with the cutoff λc one cannot distinguish between different
states of the remnants, one actually should sum over all the possible states of the remnants
and describe the Hawking radiation as a mixed state [see footnote 1 of [242]]. That is
to say, the exterior observers will never be able to recover information that has fallen
into a black hole. We will come back to this point when we discuss the role of remnants
in the context of information loss paradox. Indeed, one obvious way out of the infinite
pair-production problem is to allow Hawking radiation to carry information, so that the
information content in a Planck-sized remnant is small. That is, the number of internal
states of a black hole is finite [243]. Whether Hawking radiation carries information or
not is therefore both consistent with the existence of black hole remnants.
Finally, we would like to mention a recent work [244] in which the author argued
that as long as quantum gravity preserves the symmetries of the low energy effective field
theory, low energy experiments do not rule out remnants. To be more specific, the mea-
surement of the anomalous magnetic moment of the muon gives a bound on the number
of black hole remnant states as N ∼ 1032. This would of course still be a problem if N is
actually potentially infinite, as is usually claimed. The author however assumed that the
production rate is not proportional to the number of species, by arguing that for exter-
nal observers only the traditional hairs [mass, electrical charge, and angular momentum]
are relevant, and the internal states behind the horizons should not be important for
the quantum production of these remnants. [The author also pointed out an interesting
possibility that black holes at the Planck scale could be non-thermal objects.]
3.2 Does Remnant Violate CPT Invariance?
Hawking has argued that remnant is not feasible due to CPT invariance. The CPT
argument is that: since one could form a black hole from, say, a concentration of just
gravitons and photons, it should be able for a black hole to completely dissolve back into
a collection of gravitons and photons, leaving nothing behind. In fact the most recent
argument of Hawking applies CPT invariance to not only remnants, but also firewalls and
event horizons [245]. This argument is incorrect.
First of all, the CPT theorem [246], while rigorously proven for Minkowski spacetime,
has not yet been conclusively established for generic curved spacetimes [although this
is widely believed to be true]. However, most importantly, CPT symmetry concerns
the interactions between particles at the very small scale; this does not contradict the
fact that we observe an arrow of time [entropy almost always increases] in everyday life.
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For the same reason, while one could perhaps argue that mini black holes formed from
quantum fluctuation should decay due to CPT, the same argument does not apply to
macroscopic black holes which are formed from gravitational collapse. There, entropy
does increase in accordance with the second law of thermodynamics. When a black hole
is formed [the Bekenstein-Hawking entropy is much greater than the entropy content of
the collapsing star – more than 30 orders of magnitude [247]], and as it evaporates away,
the smaller black hole [and eventually the remnant] and the Hawking radiation together
form a system, which has even higher entropy than the initial black hole. Even for the
case in which mini black holes are produced from the vacuum, it is possible that they too
end up as remnants; the decay argument using CPT may be correct, but the time scale to
decay may still be extremely long and so the remnant would be for all practical purposes,
stable19.
This again suggests that one should not treat black hole remnants, which are end
states of gravitational collapse, as elementary particles. If indeed remnants can store
enormous amount of information, they are much harder to be nucleated from the vacuum
than the mini black holes, which carry only some minute bits of information.
It is worth mentioning that although, as we have just mentioned, the second law of
thermodynamics and the observed arrow of time does not contradict CPT as a symmetry
of the evolution, it may suggest that at least our component of the quantum state does
not itself satisfy CPT invariance. Of course, this is just a broken symmetry, usually
interpreted to be a case in which the quantum state does not share the symmetry of
the dynamics. It is possible that even though our observed component of the quantum
state is not CPT invariant, the superposition of the complete set of states would contain
CPT-reversal of said component, and therefore as a whole obeys CPT invariance20.
Another argument against the claim that remnants are unstable due to CPT invariance
is the following. Consider a gravitational collapse, which results in a black hole. Along its
evolution toward a remnant state, the black hole has emitted a lot of Hawking radiation.
The CPT-reversal of this process is not that the remnant can turn back into a star,
but that the remnant, together with the CPT-reversal of all the Hawking particles, can
in principle turn back into a star. Therefore, unless one can feed those CPT-reversed
Hawking particles into the remnant, it could not simply turn back into a star. CPT
symmetry therefore does not imply that a black hole remnant is unstable.
Finally, we remark that it remains an open question whether the theory of quantum
gravity truly respects CPT symmetry.
19In the early universe just after the Big Bang, the temperature was high enough to produce primordial
[mini] black holes [248] by a copious amount. One might worry that if they remain as remnants this
would be a problem for cosmology [249]. However just like the issue of the magnetic monopole, the
over-production of primordial black holes is not a concern – they are washed away by inflation. It is
however not true that there cannot be physical significance of remnants due to primordial black holes.
In fact, the number density of black hole remnants produced at the end of inflation can potentially play
the role of dark matter [250]. Scenarios involving black hole remnants production in the early universe
can of course arise from many models, see e.g., [251].
20We thank Don Page for informing us about this point, as well as the point raised in the next
paragraph.
47
3.3 The Implications of Remnants to Information Loss and Firewall
If Hawking radiation does not carry any information, then as a black hole gets smaller
and smaller, it becomes clear that a Planck-sized remnant must store an arbitrarily large
amount of information. This can be achieved with a massive remnant as we mentioned
above. However, in such a scenario we lose the nice interpretation of the Bekenstein-
Hawking entropy as a measure of the information content [or of the underlying quantum
gravitational degrees of freedom] of a black hole. However, in addition to this so-called
“strong form” of Bekenstein-Hawking entropy interpretation, there exists a weaker form
which asserts that the Bekenstein-Hawking entropy is only related to the degrees of free-
dom on the horizon, in particular it is not dependent on the interior of a black hole [42,252].
If one were to take the position that all information is contained inside the remnant, then
one has to give up the strong form of the Bekenstein-Hawking interpretation and sub-
scribes to the weak form instead. See also the discussion in [253] and [254].
We shall now discuss in more details what implication does black hole remnant have
toward the information loss paradox. This of course closely depends on whether the strong
form or the weak form of the Bekenstein-Hawking entropy interpretation is correct. If
the strong form is true, i.e., if the area is proportional to the statistical entropy of the
underlying degrees of freedom of the black hole, then Hawking radiation should contain
information. Indeed, if one collapses a pure state to form a black hole, the end state would
seem to be a remnant and the Hawking radiation, which though together form a pure state,
are separately in a mixed state. Purity is not totally recovered since some information
remains locked up in the [quasi-]stable remnant. Nevertheless, in such a picture, by
allowing information to be carried out by the transfer of quantum entanglement means
that we still have the firewall paradox. After all, the firewall appears at least at around the
Page time21, at which point a black hole can be still very large and far away from reaching
its final remnant phase. As long as we adhere to the strong form of Bekenstein-Hawking
entropy interpretation, the firewall paradox would raise its head.
However, if we adopt the weak form instead, then the area is not proportional to the
actual statistical entropy — the horizon area is just the degrees of freedom available to
the outside observer, and is not the real internal degrees of freedom. In this case there
is no need for the Hawking radiation to contain any information. The information could
be entirely contained in the black hole. As we have emphasized many times, it would
be crucial to know what exactly happens at the singularity of a black hole, as classically
the information would crash into the singularity and without having any control over the
boundary conditions there we would lose the information.
One may argue that the weak form of the Bekenstein-Hawking entropy interpretation
would violate the covariant entropy bound [255] [see also, Bekenstein’s entropy bound
[256,257]], loosely put22 as the statement that the entropy of a system with area A cannot
consume more information than A/(4G). However the entropy bound requires the validity
of the Null Energy Condition [NEC] [258], but we know that the NEC is definitely violated
21The Page time is roughly the time scale at which point the black hole has lost half of its entropy. We
will review this in A.
22More precisely, a suitably defined “entropy flux” S through any null hypersurface Σ generated by
geodesics with non-positive expansion starting from some spacelike 2-surface of area A must satisfy
S 6 A/(4G).
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during black hole evaporation. Therefore, the entropy bound argument is not a conclusive
refutation. In addition, it is possible that at the Planck scale, the concept of entropy
no longer makes sense. Furthermore, even at the classical level, one could contemplate
matter configurations with arbitrarily large entropy bounded by a fixed small area as
viewed from the exterior. These so-called “monsters” [259, 260], which we will discuss
later in subsec.(3.4), though violate the spacelike entropy bound, still obey the covariant
entropy bound, since the light-sheets off of their boundary surface are truncated by black
hole singularities [monsters inevitably collapse to form black holes] [260, 261]. Again, we
see that the role of singularities should not be neglected in discussing the information loss
paradox. In fact, according to Bekenstein [257],
“[...] if a remnant had an information capacity well above that indicated by
[the] bound [
S 6 2piRE
~c
]
in terms of its external dimension, it would cause a violation of the GSL
[Generalized Second Law], were it dropped into a large black hole. This point
might be countered if the infall of the remnant produces a singularity, thus
making the GSL moot. However, in that case the whole role of remnants as
stable information repositories is put in doubt.”
Of course, one can also contemplate the possibility that Hawking radiation still carries
[perhaps some] information out from a black hole even though we assume only the weak
form of the Bekenstein-Hawking entropy interpretation. In such a scenario, as long as
the black hole contains a finite statistical entropy [though it can be much larger than the
apparent entropy given by the Bekenstein-Hawking value], once the statistical entropy
decreases to about half of the original value, Page’s argument should follow through and
information will start to be released [see Fig.(11)]. This Page time will be enormously
longer than the one in the no-remnant picture, proportional to M4 instead of M3. One
may be tempted to argue that, by that time the black hole remnant is so near to the
Planck scale that new physics should be taken into account and this would prevent a
firewall from setting in.
Nevertheless this does not entirely evade firewalls. Consider the following ques-
tion: what will happen if we throw some matter or concentrate a beam of energy [with
mass/energy much greater than the Planck mass] into the remnant [Fig. 12]? One ex-
pects that a semi-classical black hole will form. One important point is that, although
the mass is greater than the Planck mass, the statistical entropy of the matter/radiation
can be much smaller than the initial statistical entropy of the remnant [which contains
an arbitrarily large, though presumably finite, entropy]. Then, since we have a semi-
classical black hole after the information retention time; and the original configuration
already emitted half of the original [as well as the “new” – since the newly added mat-
ter/radiation is assumed to have a very small entropy] statistical entropy, the newly
formed semi-classical black hole should begin to emit the added information soon after
the scrambling time ∼ T−1 log(S/M2P) [262] via Hawking radiation [Fig.(12)]. Then it
seems that the firewall problem would once again, reappear.
The conclusion is this: even if one subscribes to the point of view that a remnant
can contain an arbitrary large [but finite] amount of information, as long as we allow
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Figure 11: (Color online) The typical causal structure of a regular asymptotically flat neutral black hole that turns into a
meta-stable remnant that very slowly evaporates away. Almost all information is slowly emitted [with lifetime proportional
to Mn, with n at least equals to 4] via the radiation of the remnant. Therefore, at the surface h1, there is only a negligible
amount of information content; at the surface h2, emitted particles contain information. The small figure shows the Page
curve. Note that information starts to come out after the Page time. The vertical axis of the Page curve diagram is logSBH;
and the horizontal axis is the fraction f of the [logarithm of] evaporation time. Note that due to the gray-body factor, the
turning point is not exactly at f = 1/2 [18].
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Figure 12: (Color online) If we add mass mMP to the remnant around h2 with states N2  N1, where N1 is the number
of states of the original black hole, then the state of h2 in the graph of Fig.(11) will be shifted. However, if N2  N1, then
the new configuration is still on the decreasing part of the Page curve, and the new information will be quickly scrambled
and then carried out via Hawking radiation.
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Hawking radiation to carry information [in the manner that satisfies all the assumptions
in [13], with the subtlety that the statistical entropy need not be equal to the Bekenstein-
Hawking entropy], we would face the menace of the firewall. That is, in order for remnants
to play the role in resolving the firewall paradox, one has to subscribe to the belief that
the weak form of the Bekenstein-Hawking entropy is the correct interpretation, and that
Hawking radiation should not carry information. There is of course one obvious way out
of this argument — a remnant with infinitely large degrees of freedom23 would presumably
never reaches its Page time. However, it is hard to justify how this could be the case if
gravitational collapse starts with a typical ordinary star with finite degrees of freedom.
Another possible way out of our conclusion is the information locking scheme proposed
by Smolin and Oppenheim [264]. In that scenario, the authors pointed out that even if
information does not escape during the semi-classical evaporation process, it still does
not mean that all the information should remain in the black hole until the final stages
of evaporation. This is due to information not necessarily being additive; a small number
of quanta can “lock up” a huge amount of information. In other words, one can restore
the information only after the evaporation has finished. This is an interesting idea. If
it is true, then we do not need to require large entropy for a remnant. One problem is
that such “locking” mechanism requires a type of “capacity”: the remaining small black
hole [or remnant] that “locks” the information until quantum effects dominate needs to
contain quantum information which grows like 3 log(logN), where N is the number of
states, but its lifetime goes only like (logM)2 instead of M4 [the lifetime of a “long-lived
remnant” [231]; see Fig.(11)]. Therefore for sufficiently large M , the “lock” fails: it is
not large enough to contain all the information. Smolin and Oppenheim argued that
this possible failure of the locking mechanism is unlikely to be a problem in practice, but
theoretically it certainly remains one.
3.4 Bag-of-Gold Geometries and the Interior of Black Holes
While much effort has been focused on understanding the near-horizon region of a black
hole, its singularity has received relatively less attention. This is understandable — in
the neighborhood of the horizon of a semi-classical black hole, we believe that general
relativity and ordinary quantum field theory should be sufficient to understand the physics
[of course the issue of firewall claims that there are subtleties even in this low curvature
regime], whereas in the near singularity region, spacetime curvature is so large that we
should expect quantum gravitational effects to become important, and is thus beyond our
current knowledge of physics. However the singularity, as well as the interior of a black
hole as a whole, is important if we want to understand what happens to the information
that falls into the black hole. After all, a typical black hole is not like a black box;
its interior is a dynamical spacetime region24, and curved spacetime can behave in non-
23This statement should not be confused with the case in which the Bekenstein-Hawking entropy is
infinitely large, e.g. for planar black holes [“black branes”], in which case the relevant quantity is actually
the entropy density, not entropy per se. See e.g. [263].
24One should not therefore talk about the “mass” being concentrated at the “center” of a Schwarzschild
black hole, for example. That “center” r = 0 is spacelike, and not necessarily a “point”. Any “derivation”
involving the [Compton] wavelength of a particle confined inside a black hole [including [23]], or tunneling
from the interior of a black hole to the exterior spacetime, is therefore strictly heuristic, and should be
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intuitive ways. In fact, since general relativity is a geometrical theory, we should pay more
attention to understand the implications of a non-trivial geometry with a large interior
volume to black hole physics. It is worth commenting here that the spatial volume of a
spherical black hole cannot be defined naively as (4/3)pir3h, where rh denotes the horizon
of the hole, since the coordinate r does not have geometrical meaning as a “distance”,
and furthermore as we remarked in Footnote 2, r plays the role of time in the interior of
a black hole.
The fact that one could even smoothly glue a nontrivial geometry to a Schwarzschild
throat such that the manifold still satisfies the Einstein field equations is actually nontriv-
ial. One may suspect that if the geometries are different, due to the long range nature of
gravity, asymptotic observers should in principle be able to detect the deviation away from
a Schwarzschild manifold with “trivial” interior. This is not true. A theorem [265], albeit
only for metrics that satisfy certain technical assumptions, guarantees that asymptotic
observers could not tell the difference:
Theorem [Corvino (2000)]: Let g be any smooth, asymptotically flat and
scalar-flat metric on Rn, such that the geometry is conformally flat at infinity,
with positive ADM mass M . Given any compact set K, there exists a smooth
scalar-flat metric on Rn which is asymptotically Schwarzschild and agrees with
the original metric g inside K.
In other words, take any metric tensor satisfying the technical assumptions of the theorem,
one could cut a ball out of the manifold and replaces the exterior region with that of the
Schwarzschild geometry; the details of the gravitational configurations inside the ball is
essentially inaccessible to the asymptotic observers25. This result has since been extended
to the Kerr geometry in [266].
For physicists, gluing constructions [not necessarily subject to the technical assump-
tions of the aforementioned theorem] to build various spacetimes are used frequently. An
example of non-trivial geometry is Wheeler’s “bag-of-gold” [267]: what appears as an
ordinary black hole to an exterior observer, actually has an entire universe inside26. Such
an idea has since been revitalized many times, e.g., Lee Smolin proposed that black holes
create new universes [268,269] [see also, [83,270,271]]. We will thus refer to such geome-
tries, regardless of whether the interior region is finite or infinitely large, as “bag-of-gold
geometries”, or simply as “bag geometries” [Fig.(13)].
Therefore, one possible way out of the information loss paradox is that the information
is simply stored in the large interior within, despite the fact that evaporating black holes
eventually become very small with respect to the exterior observers. At the final stages
of the Hawking evaporation, as we already mentioned, there is no reason to trust effective
field theory to continue to be valid, and therefore it is not out of the question that
the evaporation will stop with some kind of “massive remnant”; or if the evaporation is
taken with a healthy dose of skeptism.
25One recalls from freshmen physics that in Maxwell electromagnetism, one could hide much details
about the charge configurations by placing said charges inside a conductor. Such shielding effect does
not arise in gravity since there is no “negative mass” analogous to negative charge, however Einstein
equations are far richer than Maxwell’s, and so it turns out that “shielding” in the form discussed here
is allowed.
26Technically, it is a closed [and thus finite] FLRW universe, but it can be arbitrarily large.
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 Bag Geometry 
Black hole 
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Figure 13: (Color online) A “bag-of-gold”-type spacetime consists of an asymptotically flat geometry glued to a bag across
the black hole horizon. That is, what appears to be a black hole to an exterior observer actually contains a potentially
unbounded amount of spacetime region inside. Generalizations of the bag-of-gold to spacetimes with other asymptotic
geometries can also be made.
complete, the two spacetime regions across the horizon may get completely separated,
such as in some scenarios involving bubble universes [which we will review in the next
section]. Such an idea that the information simply “ends up somewhere else” behind the
horizon goes as far back as Markov and Frolov [32], and Dyson [272].
More recently, Stephen Hsu and David Reeb [259, 260] coined the term monsters to
describe configurations that possess entropy much greater than their area would suggest
[i.e., they possess more entropy than a black hole of the same ADM mass, due to their
potentially unbounded interior volume.] Unlike the “bag-of-gold”, monsters are not black
holes, i.e., they do not [yet] have a horizon. Perhaps one could argue that they are the
kind of configurations that would potentially collapse into a “bag-of-gold”-type geometry
with a horizon. Do ordinary stars somehow eventually develop such monstrous geometry
before they collapse into a black hole, which in turn has large interior27? If so we may be
able to store information inside a black hole.
Unfortunately the existence of monsters and “bag-of-gold” seems to threaten the
AdS/CFT correspondence [for more discussions see [254]]. This is because if there can
be such objects in AdS spacetime, then the corresponding field theory on the boundary
will not have enough degrees of freedom to describe them. [On similar note, Don Page
proposed gravitational fireball or “grireball”, which is a configuration with more entropy
than a black hole of the same mass [273]. Grireballs have no infinite production problem
since they have finite numbers of states up to some mass and size, although a lot more
than black holes would have.] It is thus an important question to investigate – especially
since such configurations are potential solutions to the information loss paradox – if they
27Hsu and Reeb had argued that monsters cannot be formed from any realistic initial data; but they
cannot rule out the possibility that a monster can be formed via quantum mechanical fluctuation.
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are indeed allowed by physics.
It turns out that monsters are allowed in general relativity, although this usually means
that we have to violate some energy conditions, which is not very surprising since energy
conditions are specifically meant to prevent “unrealistic configurations”. However at the
quantum level, energy conditions can be violated [remember that this is how black holes
can evaporate in the first place — Hawking radiation (more precisely the quantum average
of the energy-momentum tensor 〈Tµν〉) needs to violate the Weak Energy Condition, due
to the negative energy of the ingoing Hawking flux; as well as the Null Energy Condition,
due to the shrinking of the horizon area.] Therefore, if one wants to claim that monsters
are somehow not allowed by the laws of physics, one must look for a prevention mechanism
in the quantum theory.
Just such a mechanism – the Seiberg-Witten instability [B] – was found to render
asymptotically locally AdS monsters with spatially flat geometry [e.g. with toral topology]
unstable [274].
Of course, since monsters are already unstable at the classical level, one has to some-
how argue that the Seiberg-Witten instability would actually preclude the existence of
monsters in the full quantum theory of gravity. The argument is as follows: if the brane
action of a configuration is unbounded below and there is no parameter that can be
tuned by a finite amount to render the action positive, then physically this suggests that
such configuration cannot exist, since no backreaction can bring it to a more stable, new
configuration.
In the case of monsters, there is no such parameter, but they can still escape the
menace of Seiberg-Witten instability if they collapse to form black holes fast enough,
since the instability argument depends on probe brane geometry in the Euclidean version
of the spacetime, which does not care about the interior of the black hole horizon. [It
would be interesting to ask what happens in the Lorentzian picture. However in that
case one has to be very careful when dealing with the interior of a black hole, due to the
non-static nature of the spacetime there. Also, even for ordinary black hole – i.e., not
one formed from the gravitational collapse of a monster – its interior can still be infinite
(more on this point in later discussion), and so the analysis of brane action is delicate, if
not impossible to carry out.] However, it was argued in [274] that the time scale for the
Seiberg-Witten instability to set in is of the same order as that of gravitational collapse
to form a black hole. Consequently we cannot be confident that gravitational collapse can
save the day [and allow the existence – however brief – of a monster]. It was therefore
concluded that [sufficiently large] monsters with flat spatial geometry probably do not
exist in string theory28.
Nevertheless, even if monsters do not exist in a full theory of quantum gravity, this
does not logically rule out the existence of a non-trivial geometry with large volume inside
of a black hole, that somehow only formed after a star has completely collapsed into a
black hole.
Lastly we shall discuss another possibility that is perhaps more natural: the interior
28Monsters with spatially hyperbolic geometry are also ruled out. Positive curvature seems to protect
against the Seiberg-Witten instability, however we do not know how conclusive this result is. From the
view of the AdS/CFT correspondence, quantum field theory is best understood in flat spacetime, in which
case its gravitational dual has flat spatial geometry.
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of a black hole could be “naturally” large even without sewing a bag-of-gold through
the Einstein-Rosen Bridge. We could very naively see how this might be possible – the
Schwarzschild coordinate t and r exchange roles inside the horizon, i.e. ∂t is now spacelike.
It would therefore be a mistake to think of black hole as a sphere with radius rh. [See
also the argument in [275]]. To make any quantitative argument at all, one of course has
to really compute the spatial volume inside a black hole horizon. Note that the 3-volume
is not a well-defined concept in GR since it depends on the choice of spacetime slicing.
We should therefore not assign the naive geometric volume (4/3)pir3h to a spherical black
hole. After all, if we look at the classical maximally extended Kruskal-Szekeres spacetime,
there is an entire universe [a second asymptotically flat region] inside of the black hole;
there is no need to artificially attach a closed FLRW universe as a bag-of-gold to achieve a
large interior. The relevant question is of course: what about a realistic black hole which
is formed via stellar collapse?
In a recent work [276], M. Christodoulou and C. Rovelli showed that the statement
“there exists a 3-dimensional spacelike hypersurface Σ bounded by a 2-dimensional surface
S with 3-volume V ” has two equivalent statements in Minkowski spacetime R3,1, namely:
(1) The spacelike hypersurface Σ is on the same simultaneity surface as S.
(2) The spacelike hypersurface Σ is the largest spherically symmetric hypersurface
bounded by S.
Even though the first definition does not extend to curved spacetimes in a unique way,
the second does. For Schwarzschild black hole, the authors showed that in terms of the
null coordinate v, which is related to polar coordinates in R3,1 by v = r+t at past infinity,
the volume inside the sphere S(v), denoted by V (v), is an increasing function of v. In
fact,
lim
v→∞
V (v) = 3
√
3piM2v. (66)
Their analysis suggests that for a stellar black hole, the interior volume can in fact be
larger than the observable universe.
We would also like to remark that, for a baby universe nucleated inside a black hole
[see the next subsection], it is connected to an asymptotic infinity [assuming open topol-
ogy]. Since the 3-volume [with the usual FLRW-type foliation] is infinite, it is not so
unreasonable to use our usual intuitions of entropy in flat spacetime, in the sense that
infinite volume allows infinite entropy. However, the volume in this current context is
calculated on a hypersurface which does not have an asymptotic infinity end. Therefore,
even though the volume is large, it is unclear whether we can still invoke the same in-
tuition of entropy, and thus it is also not known if this can provide sufficient entropy
to explain the information loss paradox. In short, does curved spacetime mess with our
notion of entropy?
Once again, the lesson is that: although it is tempting to use flat spacetime intuition
and treat mini black holes and remnants as particles, we should instead pay attention to
curved spacetime and take geometry very seriously.
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3.5 The Bubble Universe Scenario: Does Information Leak to Else-
where?
As mentioned above, it is possible that information is stored by a universe that is created
inside the black hole. The point is that the interior of a black hole can be “larger”
than the outside. This can be realized if the interior spacetime undergoes inflation,
or the speed of expansion there is faster than that of the exterior region. This can
be achieved in numerous ways, such as via nucleation and tunneling of a small29 false
vacuum bubble [277, 278]. However, unless we consider scalar-tensor gravity or modified
gravity [279], Einstein gravity does not allow such a small false vacuum bubble to be a
regular instanton. Regardless, it is not so difficult to imagine – although rather vaguely
– that some sort of bubbles can be created from a regular and unitary process via certain
mechanisms. [A recent proposal suggests that in the presence of torsion, black holes
could harbor a regular, homogeneous, and isotropic universe on the other side of its
horizon [280].] Of relevance to our discussion here, a recent work by Novikov, Shatskiy, and
Novikov investigated the possibility of information exchange between different universes
via wormholes [281].
Once we adopt the bubble geometry that is approximately a de Sitter geometry inside
but remains Schwarzschild on the outside [with asymptotically flat [277], de Sitter [282],
or anti-de Sitter [283] geometries], there are two kinds of bubble dynamics: either the
bubble collapses to form a black hole or the bubble bounces back, expands and eventually
inflates. For such a bouncing and inflating bubble, it has two properties: (1) the expanding
bubble should be located inside the Schwarzschild wormhole [277] unless it violates the
null energy condition [e.g., [284]] and (2) the expanding bubble should either begin to form
a singularity or it is past incomplete, due to the Farhi-Guth singularity theorem [285].
Therefore, in principle, we can contemplate collapsing bubble which does not violate any
[known] singularity theorem and hence this can be generated by a regular and unitary
process. Such a bubble would be called “buildable” [i.e., in principle can be built by an
arbitrary advanced civilization; note that monsters are not buildable [259, 260]]. On the
contrary, for bouncing and inflating bubble, it is subject to the Farhi-Guth singularity
theorem and hence we can only rely on quantum gravitational process to produce such a
bubble, and hence it is dubbed “unbuildable” [283].
The tunneling process that connects a buildable bubble to an unbuildable one was
investigated by Farhi, Guth, and Guven [FGG] [278] [see also Fischler, Morgan, and
Polchinski [286,287]]. See Fig.(14) and Fig.(15). Although it is suppressed, the probability
is non-zero and there is no strong reason to rule out the existence of such a process. On
the other hand, once there exists such a process, it seems to violate unitarity for the
asymptotic observer [283]; in the sense that a free-falling particle that goes into the
second asymptotic region inside the black hole [assuming the spatial section has non-
compact topology] will lose its correlation to the original universe outside of the black
hole. Hence, if we trust AdS/CFT and unitarity of the AdS asymptotic observer, this
process should not be allowed. Therefore, some authors [283] think that FGG tunneling
should be prohibited for AdS backgrounds, although there is no constructive argument in
the bulk picture of why this should be the case.
29By this we mean the false vacuum bubble is smaller than the size of the background horizon.
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Figure 14: (Color online) The Farhi-Guth-Guven/Fischler-Morgan-Polchinski tunneling in the Lorentzian and Euclidean
pictures: (A) the causal structure of a de Sitter [interior]-Schwarzschild [exterior] system; the two geometries are connected
by a thin-shell. The curves denote the trajectory of the shell. For the interior de Sitter space, only the left shaded
region is physical. For the exterior Schwarzschild geometry, only the right shaded part is physical. Farhi-Guth-Guven
and Fischler-Morgan-Polchinski considered a tunneling from a time-symmetric collapsing shell [that begins from zero size,
approaches the maximum radius r1, and shrinks back to zero in the end] to a time-symmetric bouncing shell [that begins
from infinity, approaches the minimum radius r2 > r1, and moves to infinity in the end]. The tunneling is defined on the
time-symmetric T = 0 hypersurface [dashed slices]. (B) On this hypersurface, quantum tunneling is possible. The tunneling
can be approximated by an Euclidean instanton that connects r1 to r2 through the Euclidean manifold: On the left is the
Euclidean de Sitter interior geometry [the center is the cosmological horizon and the boundary of the circle is r = 0] and
on the right is the Euclidean Schwarzschild exterior geometry [the center is the event horizon and the boundary of the
circle is r = ∞]. It can be shown that the outer Schwarzschild part eventually covers not only the right but also the left
side of the maximally extended Schwarzschild spacetime. This implies that after the tunneling, the shell moves across the
Einstein-Rosen bridge.
Of course, even concerning “buildable” universes, the relevant question in the context
of information loss is whether, given generic initial conditions, a black hole would, during
the final phase of gravitational collapse, “re-explode” into some other region of spacetime.
This is problematic, as Misner, Thorne and Wheeler [96] explained:
“Such a process requires that the ‘exploding’ end of the wormhole be built into
the initial conditions of the universe, with mass and angular momentum (as
measured by Keplerian orbits and frame dragging) precisely equal to those that
go down the black-hole end. This seems physically implausible. So does the
‘explosion’.”
Regarding the information loss paradox, we are faced with the following critical ques-
tions:
1. Does such tunneling process happen in principle? There is no strong argument
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Figure 15: (Color online) A conceptual figure for the Farhi-Guth-Guven/Fischler-Morgan-Polchinski tunneling: Left:
Before the tunneling, inside the shell one finds a de Sitter space [shaded region] with radius r1 and outside of the shell
is a Schwarzschild geometry. Right: After the tunneling, the shell increases to a size r2. Eventually, the location of the
shell moves beyond the Einstein-Rosen bridge. There exists an event horizon at the throat of the Einstein-Rosen bridge,
indicated by the thin curve.
against the possibility of FGG tunneling. Theoretically, with less assumptions im-
posed, such an inflating universe can indeed be allowed. For example, this happens
in scalar-tensor gravity based models [279,284] or for the case in which space is filled
with negative energy photons generated by false vacuum bubbles [288–290].
2. Does the process happen for every black hole? If such process is the resolution of
the information loss paradox, then this should happen for every black hole, but this
does not seem to be the case since the probability of such process happening is
suppressed and remains very small.
In conclusion, a bubble universe inside the black hole may contain enough information
and such process may indeed be possible in principle [at least, for an asymptotically flat
or de Sitter geometries], though this is likely not going to happen inside a generic black
hole and hence does not seem to be a viable resolution of the information loss paradox.
Finally, we remark on the possibility that instead of giving rise to bubble universes
inside, some black holes could themselves serve as bubble nucleation sites [291]. This
means that these black holes would end up as flat spacetime, losing their horizons in the
process, and presumably allow information to escape. Nevertheless, this process also does
not seem to happen to all black holes.
4 Discussion
Black hole evaporation, including its end-state, remains mysterious after 40 years since
its discovery. Despite the more mainstream view that black holes should completely evap-
orate away, the existence of a remnant is well-motivated from various quantum gravity
theories and models. Despite the usual reasons put forward against remnants, such as
the infinite production problem, none of these objections are free of loopholes. In other
words, black hole remnants remain a reasonable candidate for the end point of Hawking
evaporation. Although naively [in asymptotically flat case] the curvature diverges at the
endpoint of evaporation, this may be modified from quantum gravitational corrections;
these lead to three if not more possibilities: (1) a naked singularity30, (2) complete evapo-
ration which ended with a flat spacetime or, (3) the Hawking temperature remains finite,
so does the curvature, and the black hole evolution approaches a final well-defined end
30Whether naked singularities exist, and how one might distinguish them from black hole candidates
observationally, is of course an interesting question by itself. See, e.g., [292,293].
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point. The remnant scenario is related to the last possibility. As we have seen, there are
many models that point toward this direction. However, most of them do not consider
a more realistic scenario in which a black hole carries electrical charge and/or angular
momentum. As we argued in subsec.(2.7), the presence of even a minute amount of elec-
trical charge could affect the evolution of an isolated black hole significantly over its long
lifetime. Although these are unlikely to be important in the real universe, the point is
that the information loss paradox [as well as the firewall paradox] can be formulated in
such an idealized world, and thus any proposal of resolution to the paradoxes needs to
be examined for the charged case to see if it still holds. In conclusion, the investigation
of the remnants as well as the study of their phenomenological implications will be an
important direction for future research.
We also still do not know the true nature of Hawking radiation, that is, whether the
radiation contains any information of the in-falling matter. The information loss paradox
remains unsolved today, and is in fact made worse by the firewall debate. Amidst all
these discussions, the remnant scenario has received little attention. There are probably
two reasons for this omission: firstly, it has to do with the fact that remnants had been
argued to be problematic, and secondly, the way a remnant solves the information loss
paradox is not in line with what most workers in the field would interpret as “solving”
the problem. We now summarize our analysis for each of these reasons.
For problems regarding the existence of remnants, there are basically two major ar-
guments – the over-production of remnants and the violation of CPT invariance. The
latter argues that since it is possible to form a black hole by concentrating nothing more
than photons or gravitons, by CPT symmetry it should also be possible for a black hole
to completely dissolve into photons and gravitons and leaves nothing behind. This ar-
gument is wrong for the same reason that CPT invariance at the fundamental level does
not preclude practically irreversible processes in daily life in accordance with the second
law of thermodynamics; after all, our universe has an arrow of time. Furthermore, CPT
invariance actually requires one to feed the black hole remnant with the CPT-reversal
of the Hawking particles before it can potentially turn back into a star [or other initial
configurations that formed the black hole].
The over-production problem is non-trivial, but it is not without loopholes. The usual
argument is that, since there are potentially infinite number [or at least an extremely
large number N ] of possible remnants [due to the various different initial conditions that
could collapse into a black hole], even though the production rate of any specific remnant
from the quantum vacuum is exponentially suppressed, this rate is multiplied by an ar-
bitrary large number N and therefore the total production would be sizable. The fact
that we do not see remnants being copiously produced thus rules out remnant scenario.
The validity of this objection boils down to whether we could treat remnants as particles
in the quantum field theoretical sense, in light of the possibility that they may actually
store a large amount of information, i.e. whether effective field theory is well-defined for
remnants, especially if they have non-trivial interior geometries [42]. Central to this argu-
ment is also the assumption that the suppression for production rate goes like exp(−M2)
even for remnants, but it could be that it is the statistical entropy, Sst,instead of the
Bekenstein-Hawking entropy [Sbh ∝M2, and Sst  Sbh] that should enter the exponent,
i.e., exp(−Sst). In addition, following the standard QFT formulation, the production rate
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should be divided with the “incoming flux”, i.e., normalized properly with the number of
initial states. In any case, we feel that the over-production of remnants requires a more
detailed investigation.
If black hole remnants exist, a relevant question is whether they are absolutely stable.
Perhaps only a very few species of particles or other entities within the universe are
absolutely stable, such as massless gravitons, massless photons, the lightest neutrino,
the lightest supersymmetric particles, and perhaps the lightest magnetic monopole31.
There might be a small additional number of stable entities if there are other absolutely
conserved quantities besides 4-momentum, angular momentum, electric charge, magnetic
charge, and R-parity. The latter may not even be absolutely conserved once black hole
formation and evaporation is taken into account. Also, given enough time, it is possible
for a black hole remnant to tunnel into a black hole or other configurations, releasing
massless particles in the process.
Regarding the information loss paradox and firewall, we find that even if black hole
remnants exist, it does not seem to ameliorate the problem of information loss. If rem-
nants satisfy the weak form of the Bekenstein-Hawking entropy interpretation and has
potentially infinite capacity of information, then it can potentially overcome the usual
problems posed against remnants, e.g. the infinite pair-production problem. However,
such an object violates the strong form interpretation of Bekenstein-Hawking entropy
and thus does not fit well with the AdS/CFT correspondence, which is widely believed to
be a salient feature of all consistent theories of quantum gravity. Black hole remnants also
cannot evade the firewall unless Hawking radiation does not carry away any information.
However this conclusion rests on taking “solving the information loss paradox” to mean
that asymptotic observers should be able to recover all the information. In principle,
however, there does not appear to have any problem if information is stored in a remnant
which could well have a large interior geometry. This may not agree with the AdS/CFT
correspondence, but we certainly should ask: what is the regime of validity for AdS/CFT,
which after all, is still a conjecture? We know that AdS/CFT works very well for large
black holes where gravity is weak, however very little is known in the case where the black
hole is small in the bulk. If various approaches to quantum gravitational models [e.g., the
generalized uncertainty principle] are indeed correct, then even the Bekenstein-Hawking
area law receives correction terms [typically a logarithmic correction] and ceases to be
strictly proportional to the horizon area. In short, we feel that it is premature to rule out
remnants based on holographic argument.
Having discussed monsters, bag-of-gold geometries, and even the argument that black
hole interior is “naturally large”, the main lesson is that we should not use flat spacetime
intuition in dealing with black holes. Geometry is the central pillar of the edifice of general
relativity. It is only right that one pays more attention to what geometry has to say. We
should also try to understand black hole singularities with a similar spirit, instead of
sweeping it under the carpet with the hope that quantum gravity will eventually take
care of that32. Let this be a reminder as we celebrate the centenary of GR in 2015.
As the final point in this paper, it is also worthwhile to consider the following question:
31The authors thank Don Page for raising this important issue.
32There are of course some efforts already invested in achieving precisely this, see, for example, the
recent review by Uggla [294].
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is there really such a thing as the solution to the information loss paradox? After all,
one sometimes speculates that the dark sector may actually be quite rich and there could
be more than one type of dark matter. Similarly, there are various types of black holes
with different dimensions, of varying topologies and distinct asymptotic geometries. It
also seems that some black holes can be destroyed by quantum gravitational effect or
tunneling, instead of ending as remnants. So should there indeed be a universal solution
to the information loss paradox, or perhaps different black holes preserve unitarity in
different ways?
We shall end by stating the obvious: this review – despite offering some new thoughts
– is clearly not a final say on the role of remnants in black hole physics. We hope that
this work would stimulate the interest of the community in this fascinating topic.
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A A Plethora of Entropies
It is said that von Neumann once told Shannon to call his measure of missing information
“entropy” because [295]
“In the first place, a mathematical development very much like yours already
exists in Boltzmann’s statistical mechanics, and in the second place, no one
understands entropy very well, so in any discussion you will be in a position
of advantage.”
In the context of black hole physics, the most well-known concept of entropy is the
Bekenstein-Hawking entropy, which is [at least for the leading term] proportional to the
area of the black hole. Restoring all the constants, the expression in its full glory is
Sbh =
kBc
3A
4G~
. (67)
Although temperature and entropy are both thermodynamical concepts, the entropy of a
black hole is perhaps far more mysterious than its temperature. The Hawking temperature
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can be understood as a consequence of QFT on curved spacetime, however the Bekenstein-
Hawking entropy depends on the field equations of gravity and cannot be determined
simply using QFT on a background metric [see Lesson 6 of [296]].
It is a common belief in the literature that Sbh measures the capacity of black holes
to store quantum information. The fact that Sbh is proportional to the area instead of
volume is heralded as an important hint that quantum gravity is holographic. However,
as pointed out in a recent review on black hole thermodynamics [297], such a behavior is
also present in non-black hole systems:
“[...] without invoking anything as extreme as a black hole, that this is some-
thing we should expect from General Relativity. Even a somewhat mundane
system like a sufficiently massive ball of radiation has an entropy that is not
proportional to its volume.”
One interesting feature in the expression of Sbh is that, formally the role of ~ is only to
give a finite value [and the correct dimension] to the entropy. Note that ~ cancels off in the
first law of black hole mechanics, since it occurs in the numerator in the expression of the
Hawking temperature. Indeed, it has recently been argued that black hole thermodynam-
ics makes sense even without an underlying statistical mechanical interpretation [298].
Despite the importance of the Bekenstein-Hawking entropy, we have to be open-
minded regarding the possibility that it is not the only entropy measure for a black
hole. It was already pointed out by, e.g. Frolov [299], that black holes may have sta-
tistical entropy Sst that is distinct from its thermal, Bekenstein-Hawking entropy Sbh.
The interior of black holes may therefore contain information which is not accounted for
by Sbh, and therefore the information content can be larger than the bound set by Sbh.
If this is true, then the Bekenstein-Hawking entropy is only a property of the horizon.
This is known as the “weak form” interpretation. On the other hand, the “strong form”
interpretation holds that Bekenstein-Hawking entropy is a property of both the horizon
and the interior spacetime. Marolf [254] provided a simple thought experiment that lends
at least some support to the weak form interpretation:
“[...] one starts with a black hole of given mass M , considers some large
number of ways to turn this into a much larger black hole (say of mass M ′),
and then lets that large black hole Hawking radiates back down to the origi-
nal mass M . Unless information about the method of formation is somehow
erased from the black hole interior by the process of Hawking evaporation, the
resulting black hole will have a number of possible internal states which clearly
diverges as M ′ → ∞. One can also arrive at an arbitrarily large number of
internal states simply by repeating this thought experiment many times, each
time taking the black hole up to the same fixed mass M ′ > M and letting it
radiate back down to M . We might therefore call this the Hawking radiation
cycle example. Again we seem to find that the Bekenstein-Hawking entropy
does not count the number of internal states”.
From the perspective of quantum information theory, one natural interpretation for
the Bekenstein-Hawking entropy is that it arises from the quantum entanglement between
the interior spacetime and the exterior one [300], that is, it is an entanglement entropy.
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In the usual picture of unitary evolution, one hopes that if a pure state collapses into
a black hole, the end state should be pure as well. Suppose the black hole completely
evaporates and we are left with a flat spacetime populated with Hawking particles at
the end. Then purity can be restored if the radiation contains [highly entangled form
of] information, by having the latter radiation to eventually purify the exterior – earlier
emitted – radiation. Black hole evaporation will then be as unitary as the burning of a
book; the information is not lost in principle [but lost in practice]. It can be shown that
the entanglement entropy increases at first as Hawking radiation started, but eventually
turns over about the mid point of the evolution, and reduces to zero as purity is recovered
at the end. The plot of the entanglement entropy against time is known as the “Page
curve” [17, 18]. The time it takes for the entanglement entropy to start decreasing is
called the “Page time”. If the black hole does not completely evaporate, then the interior
and exterior states remain as mixed state when considered separately. Nevertheless if
Hawking radiation carries information, the degree of entanglement would still evolve and
one can still make sense of the Page curve and the Page time, as we have discussed in
subsec.(3.3). It was recently suggested that there is a form of quantum entanglement that
has weight, since it affects the gravitational field [301]. The implication of this result to the
interpretation of black hole entropy as entanglement entropy has yet to be investigated.
Of course, the correction due to this effect is extremely small and thus unlikely to change
the aforementioned interpretation in any significant way.
Lastly, we comment on the possibility that gravity itself may carry some kind of “grav-
itational entropy”. Penrose asserted that the singularity in a black hole is fundamentally
different from the Big Bang singularity: in a gravitational collapse one would expect that
the Weyl curvature will generically be quite large, while Weyl curvature should vanish
or at least stay small during the Big Bang. In Penrose’s proposal, now known as the
Weyl Curvature Hypothesis [302], the magnitude of Weyl curvature directly measures the
gravitational entropy. This agrees with the second law of thermodynamics — one should
expect the entropy to grow during gravitational collapse, but remains small in the very
beginning. There has since been various proposals to understand gravitational entropy,
see e.g. [303,304]. However, it is fair to say that not much is known about the subject at
this point, not to mention the relationship between gravitational entropy and Sbh, or for
that matter, the relationship between gravitational entropy and the information content
of a black hole. The point is that, it is too early to conclude that only Sbh measures the
capacity of information storage.
B The Brane Action and Pair-Production Instability
Seiberg and Witten showed that if the brane action for a probe brane defined on the
Wick-rotated spacetime becomes negative, the spacetime becomes unstable [305–308].
Specifically, given a Bogomol’ny-Prasad-Sommerfield [BPS] brane Σ in a Wick-rotated
D-dimensional spacetime [D = n + 1], the brane action in the appropriate unit is a
function of the radial coordinate r defined by S[Σ(r)] = A(Σ)− (D− 1)V(Σ), where A is
proportional to the area of Σ and V to its volume. [Of course one could also discuss the
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physics in the Lorentzian picture.] That is,
S[Σ(r)] = Θ(Brane Area)− µ(Volume Enclosed by Brane), (68)
where Θ is related to the tension of the brane and µ is related to the charge enclosed by
the brane due to the background antisymmetric tensor field. The type IIB backgrounds
assumed here are of Freund-Rubin type [309]. That is to say, the AdSn+1×S9−n spacetime
metric is supported by the background antisymmetric field strength. In string theory,
the existence of such a flux field naturally induces compactification so that the full 10-
dimensional spacetime reduces to a product manifold AdSn+1 × S9−n, where the factor
S9−n is compactified33.
We see that the action will become negative if the volume term grows larger than the
area term. The most dangerous case is when the charge µ reaches its maximal value: the
BPS case with µ = nΘ/L. Explicitly, the Seiberg-Witten brane action is given by
S[r] = Θ rn−1
∫
dτ
√
gττ
∫
dΩ− nΘ
L
∫
dτ
∫ r
dr′
∫
dΩ r′n−1
√
gττ
√
gr′r′ , (69)
where gττ = −gtt, with t Wick-rotated; and L is the AdS length scale. [The correspoding
Lorentzian action is defined in a straight-forward manner.]
The Seiberg-Witten instability is a non-perturbative instability that occurs due to
an uncontrolled brane productions [305, 306]. Indeed, brane-anti-brane pairs are always
spontaneously produced from the AdS vacuum. This phenomenon is analogous to the
well-known Schwinger effect in quantum electrodynamics, with the rate of brane-anti-
brane pair production being proportional to exp(−S), where S is the Seiberg-Witten
brane action. If the brane action becomes negative, the AdS vacuum will nucleate brane-
anti-brane pairs at an exponentially large rate [instead of being exponentially suppressed].
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